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Abstract: An electromagnetic inversion method is presented to reconstruct the constitutive parameters of an inhomogeneous
bianisotropic slab. The measured co- and cross-reflection and transmission coefficients are used to extract the electromagnetic
parameters profiles of the inhomogeneous bianisotropic media from the proposed method, using truncated Fourier series
expansion and Gravitational Search Algorithm (GSA). GSA is used to improve the speed and accuracy of the optimisation
process because of the complexity of inhomogeneous bianisotropic media, highly non-linearity of optimisation problem, and
extremely large search space. Finally, the accuracy and robustness of the proposed reconstruction method are validated using
some typical examples.

 
 

 

1 Introduction

Features of electromagnetic wave propagation in
bianisotropic media have been intensively studied during
the last few decades. Owing to the need for special
electromagnetic properties, complex materials, such as
bianisotropic media, classified as materials exhibiting
magnetoelectric coupling, are considered. In these
materials, there is a coupling between electric and
magnetic fields which causes simultaneous production of
electric and magnetic polarisations because of the electric
or magnetic excitation [1]. This phenomenon is
mathematically represented by magnetoelectric coupling
tensors in constitutive relations. Bianisotropic media
incorporates large variety of media, such as chiral or
bi-isotropic media, gyrotropic chiral media, Faraday chiral
media, anisotropic media, and gyrotropic media. Various
applications utilising bianisotropic media have been
proposed such as antenna radome [2], waveguides [3, 4]
and polarisation transformers [5], microstrip antennas [6,
7], absorbers [8], backward wave media [9], and cloaking
materials [10].
Electromagnetic scattering is one of the basic problems

in the study of interaction of electromagnetic waves with
bianisotropic media. If the structures of complex media
are not in canonical geometries, the analytical analysis is
limited. In this connection, many numerical methods
have been extended to study the interaction of
electromagnetic wave with complex media such as finite
difference time domain [11, 12], and finite element
method [13].
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Analysis of the wave propagation and scattering from
planar layered homogeneous bianisotropic mediums is
rather straightforward. Rikte et al. introduced an efficient
and robust method namely notation of propagators and
wave splitting approach for analysing scattering from planar
layered homogeneous bianisotropic media [14].
The problem of wave propagation in inhomogeneous

media is important in many practical situations. Exact
solution of the wave equation in such media is known for
only a few particular profiles; and because of this, the wave
propagation and scattering from inhomogeneous media has
been intensively investigated and several approaches have
been presented [15–22]. Recently, notation of propagator
and wave splitting method is extended to analysis of
inhomogeneous planar layered bianisotropic media [23]. An
optimisation-based technique has been presented in [24] to
simultaneously evaluate the permeability, permittivity and
chirality parameter of a homogeneous bianisotropic slab
from the knowledge of the transmission and reflection
coefficients. In the present paper, a robust method is
presented to reconstruct the constitutive parameters of an
inhomogeneous bianisotropic slab via an advanced
optimisation approach entitled Gravitational Search
Algorithm (GSA).
The paper is organised as follows: The analysis of forward

problem is reviewed in Section 2. In Section 3, applicability
of the optimisation approach to reconstruct of
inhomogeneous bianisotropic slab electromagnetic
parameters is investigated. Section 4 is devoted to the
verification of the accuracy of the proposed method.
Finally, summary and conclusions are provided in Section 5.
IET Microw. Antennas Propag., 2013, Vol. 7, Iss. 6, pp. 436–443
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2 Forward problem analysis

Electromagnetic inversion is achieved by solving out for the
profiles which minimises the error between the observed
data and the synthetic one which is obtained by analysing
the forward problem. In this section, the forward problem is
reviewed first.
Consider a reciprocal inhomogeneous bianisotropic slab

characterised by constitutive relations [1]
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where D, B, E and H are the electromagnetic field vectors,
and ��1, ��m, and ��k, represent the medium permittivity,
permeability and magneto-electric or chirality parameter
tensors, respectively. The superscript T stands for
transpose, and two conditions ��1 = ��1T and ��m = ��m T are
the familiar requirements on the symmetry of permittivity
and permeability tensors. As shown in Fig. 1, both sides
of the inhomogeneous bianisotropic slab having thickness
d are free space and a plane wave impinges with an angle
θi from free space onto it. In the forward problem, the
reflection and transmission coefficients of inhomogeneous
bianisotropic slab are calculated by the notation of
propagators technique for inhomogeneous media which
has been described in [23]. Using the Maxwell’s
equations and assuming exp(−jωt) time conversion, the
tangential components of the electric and magnetic fields,
that is Exy and Hxy, satisfy the following equations

d
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where k0 is the wave number in the free space, η0 is the
free-space intrinsic impedance, ��J is two-dimensional
rotation dyadic, and ��M is the fundamental dyadic of the
inhomogeneous bianisotropic medium whose elements
depend on the tangential wave vector and the constitutive
tensors of the medium can be found in [14, 23]. At the

Fig. 1 Inhomogeneous bianisotropic slab exposed to an incident
plane wave with TM E||

i
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or TE E⊥
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boundary z = d we can write

Exy d( )
h0J Hxy d( )

[ ]
= P

Exy z = 0( )
h0J .Hxy z = 0( )

[ ]
(3)

where ��P = ejk0d
��M is the propagator dyadic. In the case of

inhomogeneous media, the layer can be decomposed into
thin homogeneous sub-layers and the propagator dyadic of
the layer is determined by multiplication of the propagator
dyadics of its sub-layers. The transverse reflection and
transmission dyadics ��rxy and

��txy, whose multiplications by
the transverse incident field reveal the transverse reflected
and transmitted fields, are defined by
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where i, r, and t subscripts indicate the incident, reflected,
and transmitted waves, respectively. It can be seen that
the reflection and transmission dyads for the tangential
electric field are determined by
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where ��I t = âxâx + âyây is the two-dimensional identity

dyadic, O
−1 = k0/kz I t + 1/k20 �kt × �kt × I t

( )[ ]
, and �kt

and kz are the tangential and normal components of the
incident and reflected wave vectors, respectively.

3 Optimisation approach to inverse problem

In the inverse problem, it is tried to match the data calculated
from the forward problem, that is co- and cross-reflection and
transmission coefficients, with the data obtained from the
measurement; so that the constitutive parameters of medium
supporting this match are considered as the solution of the
inverse problem.
In reconstructing the inhomogeneous slab, it is

recommended to use any suitable expansion function for the
continuous profile models. Expansion functions such as the
linear, cosine and Legendre forms can be used. However, it
is recommended to use the model which can perform the
profile reconstruction with minimum number of terms.
Through the inversion process, it is found that the cosine
expansion model has better performance for the many of
profiles rather than other expansion functions. Here, the
functions of permittivity, permeability and magneto-electric
tensors of inhomogeneous bianisotropic layer, are
437
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considered as the following Fourier series expansions (see (7–
9))
The problem is to find the coefficients of Fourier

expansions of constitutive parameters. This is usually
done through the utilisation of an optimisation method
that minimises the error between the measured and
calculated data. Considering N terms in each Fourier
series expansion yields an extremely large search space
with 21(N + 1) dimensions. Obtaining the optimal solution
in this search space by ordinary methods is infinitely
difficult and time consuming. In fact, local optimisation
methods such as quasi-Newton and Gauss-Newton
techniques [25, 26] are relatively fast but have the
possibility of being trapped in local minima because of
the severely non-linear nature of the problem. On the
other hand, convergence of global optimisation techniques
such as genetic algorithm [27] and particle swarm [28] is
reached after very large number of iterations. Therefore
here, an advanced and robust optimisation technique
entitled the GSA is utilised [29]. We define the objective
function as

F =
∑
TE,TM

∑u e
u=us

R̃co(u)− Rm
co(u)

∣∣ ∣∣[ + T̃ co(u)− Tm
co(u)

∣∣ ∣∣
+ R̃cr(u)− Rm

cr(u)
∣∣ ∣∣+ T̃ cr(u)− Tm

cr (u)
∣∣ ∣∣] (10)

where R̃(u) and T̃ (u) are the calculated reflection
and transmission coefficients, respectively, and Rm(θ) and
Tm(θ) are the measured ones. Also, the indices ‘co’ and
‘cr’ represent the co- and cross-polarised coefficients,
and θs and θe are the limits of incident angle. The
optimisation method seeks at minimising the objective
function, which is obtained when the measured and
calculated transmission and reflection coefficients are
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identical, indicating that the reconstructed constitutive
parameters are identical to the original ones.
In GSA, agents are assumed to be objects and their masses

are considered as their performance. The gravity force causes
attraction between these objects, and all objects are moved
towards the objects with heavier masses by the gravity
force and also the heavier objects move slower than lighter
ones. The good solutions are shown by the heavy object. In
GSA, each mass presents a solution, and the algorithm is
navigated by properly adjusting the masses. By lapse of
time, it is expected that masses to be attracted by the
heaviest mass. The heaviest mass will present an optimum
solution in the search space.
One of the advantages of the GSA is its ability to find

optimum solution in a large search space. However, our
search space is extremely large and the GSA cannot work
properly in this space. To overcome this dilemma, a
multi-search GSA is used. In this method, the GSA is run
to explore the whole search space and obtain primary
results. Next, the search space is limited to find only the
first Nth unknown coefficients, that is E11,n, whereas the
other unknown coefficients is assumed to be the primary
results. This process is done for the other elements of
constitutive tensors. The whole method is repeated twice or
more until the best solution is found.
The importance of the thickness of the slab in the

optimisation process should be carefully regarded. In fact, if
the slab is very thin compared with the wavelength, it is
almost transparent so that the reflection coefficients are
almost zero and the transmissions ones are almost unity. On
the other hand, if the slab is very thick, the problem becomes
extremely non-linear and is more difficult to optimise.

4 Numerical examples and results

For the purpose of illustration, the applicability and
robustness of the proposed inversion method are applied to
��1(z) = 10

111(z) 112(z) 113(z)

121(z) 122(z) 123(z)

131(z) 132(z) 133(z)

⎡
⎢⎣

⎤
⎥⎦ = 10

∑N
n=0

E11,n cos
npz

d

( ) ∑N
n=0

E12,n cos
npz

d

( ) ∑N
n=0

E13,n cos
npz

d

( )
∑N
n=0

E21,n cos
npz

d

( ) ∑N
n=0

E22,n cos
npz

d

( ) ∑N
n=0

E23,n cos
npz

d

( )
∑N
n=0

E31,n cos
npz

d

( ) ∑N
n=0

E32,n cos
npz

d

( ) ∑N
n=0

E33,n cos
npz

d

( )

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(7)

��m(z) = m0

m11(z) m12(z) m13(z)

m21(z) m22(z) m23(z)

m31(z) m32(z) m33(z)

⎡
⎢⎣

⎤
⎥⎦ = m0

∑N
n=0

M11,n cos
npz

d

( ) ∑N
n=0

M12,n cos
npz

d

( ) ∑N
n=0

M13,n cos
npz

d

( )
∑N
n=0

M21,n cos
npz

d

( ) ∑N
n=0

M22,n cos
npz

d

( ) ∑N
n=0

M23,n cos
npz

d

( )
∑N
n=0

M31,n cos
npz

d

( ) ∑N
n=0

M32,n cos
npz

d

( ) ∑N
n=0

M33,n cos
npz

d

( )

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(8)

��k(z) =
k11(z) k12(z) k13(z)

k21(z) k22(z) k23(z)

k31(z) k32(z) k33(z)

⎡
⎢⎣

⎤
⎥⎦ =

∑N
n=0

K11,n cos
npz

d

( ) ∑N
n=0

K12,n cos
npz

d

( ) ∑N
n=0

K13,n cos
npz

d

( )
∑N
n=0

K21,n cos
npz

d

( ) ∑N
n=0

K22,n cos
npz

d

( ) ∑N
n=0

K23,n cos
npz

d

( )
∑N
n=0

K31,n cos
npz

d

( ) ∑N
n=0

K32,n cos
npz

d

( ) ∑N
n=0

K33,n cos
npz

d

( )

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(9)
IET Microw. Antennas Propag., 2013, Vol. 7, Iss. 6, pp. 436–443
doi: 10.1049/iet-map.2012.0553



www.ietdl.org
Fig. 2 Amplitudes of co- and cross-reflection and transmission coefficients as a function of incident angle θi for inhomogeneous bianisotropic
slab

a Reflection slab discussed in example 1
b Transmission

 
 

 

three different typical models. The illustrated models are
inhomogeneous bianisotropic slabs, either embedded in a
free space, or backed by a perfect electric conductor (PEC)
plane. In these numerical examples, the co- and
cross-reflection and transmission coefficients are first
calculated using the forward problem solver, and then they
are used to evaluate the optimised parameters in the inverse
process.

4.1 Example 1

As the first example, consider an inhomogeneous
bianisotropic slab with thickness of d = 5 cm, and the
typical profiles of the relative permittivity, relative
permeability, and chirality parameter tensors as follows

1(z) = 10

exp
z

2d

( ) 3

1+ z

d

0

3

1+ z

d

1+ z

d
0

0 0 2+ cos
pz

d

( )

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(11)

m(z) = m0I (3×3) (12)
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which is embedded in free space. The amplitudes of co- and
cross-reflection and transmission coefficients against the
angle of incidence at excitation frequency of 1 GHz
obtained from the forward problem solver are shown in Fig. 2.
In the inverse problem, assuming N = 7 terms for each

Fourier series expansion in (7–9), the proposed inversion
algorithm is applied to the transmission and reflection data.
Using GSA algorithm, the unknown coefficients of Fourier
series expansions are optimised so that the calculated co-
and cross-reflection and transmission data match the
measured ones. These evaluated coefficients are written in
Table 1. The final reconstructed profiles of relative
permittivity and chirality parameter tensors are shown in
Figs. 3a and b. From these figures, observe that the
accuracy of the inversion is quite satisfactory.

4.2 Example 2

The general procedure in this example starts with the
assumption that the electromagnetic parameters of a given
Table 1 Optimisation results for the truncated Fourier series expansions of electromagnetic parameters of inhomogeneous
bianisotropic slab in free space (example 1)

Coefficients n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

E11,n 1.2975 −0.2609 0.0162 −0.0287 0.0036 −0.0093 0.0012 −0.0034
E12,n 2.0792 0.5749 0.0975 0.0777 0.0256 0.0261 0.0087 0.0087
E22,n 1.5000 −0.4044 0.0000 −0.0433 0.0000 −0.0139 0.0000 −0.0047
E33,n 2.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
other Eij,n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Mij,n; i = j 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
K11,n 1.7178 −0.6817 0.0843 −0.0803 0.0203 −0.0257 0.0067 −0.0090
K22,n 1.2975 −0.2609 0.0163 −0.0287 0.0036 −0.0093 0.0012 −0.0034
K33,n 1.1869 −0.1595 0.0066 −0.0173 0.0015 −0.0056 0.0005 −0.0020
other Kij,n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
439
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Fig. 3 Comparison of the retrieved and true inhomogeneous bianisotropic slab in free space

a Relative permittivity
b Chirality parameter

Fig. 4 Amplitudes of co- and cross-reflection and transmission coefficients as a function of incident angle θi for inhomogeneous bianisotropic
slab

a Reflection slab discussed in example 2
b Transmission

Fig. 5 Comparison of the retrieved and true unknown functions of inhomogeneous bianisotropic slab in free space

a Relative permittivity
b Chirality parameter
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inhomogeneous chiral slab are known and the co- and
cross-polarised reflection and transmission coefficients are
generated using the notation of propagators method, that is,
performing a forward procedure. Then, the electromagnetic
parameters are assumed to be unknown and the reflection
and transmission coefficients are used to calculate such
parameters, that is, performing an inverse procedure. As the
second example, a non-magnetic inhomogeneous
bianisotropic slab is considered with thickness of d = 6 cm,
and the more complex relative permittivity and chirality
parameter tensors as
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The amplitudes of co- and cross-reflection and transmission
coefficients against the angle of incidence at excitation
frequency of 1 GHz obtained from the forward problem
solver are shown in Fig. 4. Assuming N = 11 in (7–9),
calculation of the unknown coefficients of Fourier
expansions of constitutive parameters is done through the
utilisation of GSA that minimises the error between the
measured and calculated data. The results of this
reconstruction algorithm are given in Table 2. The final
retrieved unknown functions are compared with the true
ones in Figs. 5a and b. The profiles generated by the
proposed technique and the corresponding exact values are
in very good agreement, which indicates that the retrieval
method is feasible and robust.

Fig. 6 Amplitudes of co- and cross-reflection coefficients as a
function of incident angle θi for PEC backed inhomogeneous
bianisotropic slab
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Table 3 Optimisation results for the truncated Fourier series expansions of electromagnetic parameters of PEC backed
inhomogeneous bianisotropic slab (example 3)

Coefficients n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

E11,n 2.5000 −0.4044 0.0000 −0.0433 0.0000 −0.0138 0.0000 −0.0047
E13,n 3.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
E22,n 1.7178 −0.6817 0.0843 −0.0803 0.0203 −0.0257 0.0067 −0.0090
E33,n 0.8679 −0.6243 −0.0673 −0.0626 −0.0143 −0.0200 −0.0044 −0.0069
other Eij,n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Mij,n; i = j 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
K11,n 1.7178 −0.6817 0.0843 −0.0803 0.0203 −0.0257 0.0067 −0.0090
K22,n 0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
K23,n =K32,n 0.5000 −0.4044 0.0000 −0.0433 0.0000 −0.0138 0.0000 −0.0047
K33,n 1.2975 −0.2609 0.0163 −0.0286 0.00358 −0.0093 0.0012 −0.0034
other Kij,n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Fig. 7 Comparison of the retrieved and true unknown functions of PEC backed inhomogeneous bianisotropic slab

a Relative permittivity
b Chirality parameter

 
 

 

4.3 Example 3

In the third example, a PEC backed inhomogeneous
bianisotropic slab with thickness of d = 3 cm is considered.
Typical profiles of the relative permittivity and chirality
parameter tensors used for this non-magnetic slab are
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In this case, because of the PEC boundary condition at z = d,
the co- and cross-transmission coefficients of the
inhomogeneous slab at z = 0 are zero. Therefore the
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objective function should be defined as

F =
∑
TE,TM

∑p/2
u=0

R̃co(u)− Rm
co(u)

∣∣ ∣∣+ R̃cross(u)− Rm
cross(u)

∣∣ ∣∣[ ]
(18)

The amplitudes of co- and cross-reflection coefficients against
the angle of incidence at frequency 1 GHz are shown in
Fig. 6. Assuming N = 7 in (7–9), calculation of the
unknown coefficients of Fourier expansions of constitutive
parameters is done through the utilisation of GSA that
minimises the error between the measured and calculated
data. The results of this reconstruction algorithm are given
in Table 3. The final retrieved unknown functions are
compared with the true ones in Figs. 7a and b. The results
show that the accuracy of the inversion is quite satisfactory
and all of the constitutive parameters are retrieved
successfully indicating that the retrieval method is feasible
and robust.
It is evident that, as the number of unknown coefficients in

Fourier series expansions increases the accuracy of the
solution increases. Also, as the thickness of the slab with
respect to the wavelength increases, the necessary number
of unknown coefficients increases.
IET Microw. Antennas Propag., 2013, Vol. 7, Iss. 6, pp. 436–443
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5 Conclusions

An inversion algorithm is proposed to reconstruct the
constitutive parameters profiles of an inhomogeneous
bianisotropic slab using the co- and cross-reflection and
transmission coefficients. In the proposed method, the
permittivity, permeability and chirality parameter tensors of
inhomogeneous bianisotropic layer are expanded using
truncated Fourier series expansions. Then the unknown
coefficients of these series are optimised through advanced
and robust GSA method so that the calculated co- and
cross-reflection and transmission data match the measured
ones. The use of GSA optimisation method is extremely
effective in saving a lot of computation time during the
inversion process. In order to investigate the applicability of
the proposed inversion method, three different inversion
problems including an inhomogeneous bianisotropic layer
in free space and a PEC backed one are considered and
analysed. The results indicate that the constitutive
parameters tensors of the inhomogeneous bianisotropic
slabs are retrieved successfully, and the method is feasible
and robust.
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