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Multilayered Discrete Green’s Functions Based on
Mixed-Potential Finite-Difference Formulation

Salma Mirhadi, Mohammad Soleimani, and Ali Abdolali

Abstract—An approach to calculating discrete Green’s functions
(DGFs) in multilayered media is proposed based on the finite-dif-
ference scheme of time-domainmixed-potential equations. The cal-
culated DGFs have very high accuracy in comparison to the direct
FDTD solution. Furthermore, the steady-state values of the DGFs
are properly estimated in terms of the scalar potential, ensuring
stability out of the truncating window. These DGFs are applicable
to the analysis of antennas with multilayered planar structures.
In such analysis, the proposed method has the advantage of the
method of moments in that the computations are performed only
on the antenna, regardless of the white space around it. Moreover,
the broadband frequency characteristic of the antenna is achieved
with a single simulation run, such as in the FDTDmethod. The the-
oretical results have been verified by the experimental results on a
wideband coplanar waveguide (CPW)-fed monopole antenna.

Index Terms—Discrete Green’s function, finite-difference time-
domain equations, mixed-potential equations, printed antennas.

I. INTRODUCTION

P ROMISING features of discrete Green’s functions
(DGFs) were originally identified by Vazquez and Parini

[1], [2]. As opposed to the discretized version of continuous
Green’s functions, DGFs have attributes consistent with the
finite-difference time-domain (FDTD) method, such as disper-
sion and stability. Thus far, various closed-forms of DGFs in
infinite free space have been derived by several authors [1],
[3]–[5]. The applications of DGFs have also been investigated
in terms of their implementation as absorbing boundary condi-
tions [6]–[8], in FDTD simulations on disjoint domains [9], in
the truncation of the FDTD computational grid in the presence
of reflecting external media [10], and in terms of savings in
runtime and memory usage in radiation and scattering problems
[3], [11]–[14].
The analytical closed-form of DGFs includes binomial co-

efficients, in which the accurate generation of these functions,
especially for high upper indices, requires significant processor
time due to the necessity of handling multiple precision arith-
metic libraries [15], [16]. Nevertheless, closed-form-DGFs re-
turn exact values of the FDTD computations in the infinite Yee’s
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mesh with multiple precision arithmetic and do not reflect the
numerical error stemming from the finite numerical precision of
the FDTD computations in standard arithmetic [16], [17]. How-
ever, the extracted analytical DGFs are only for homogenous
media, which restricts their application in antenna modeling.
In this paper, a new procedure for extracting the time-do-

main DGFs in multilayered media is introduced. The proposed
method is based on the finite-difference scheme for time-do-
main mixed-potential equations. This method does not suffer
from the drawbacks of analytical closed-form implementation.
In [18], the time-domain layered-medium Green’s functions
for mixed-potential integral equations (MPIE) were established
through the fast Hankel transform and fast Fourier transform
(FFT) of Green’s functions in the complex frequency domain.
However, the salient feature of the proposed method is that the
solution space is inherently discrete and the equations are in
the time-domain. Therefore, the formulation of the problem
is much more straightforward than in the method presented in
[18]. The calculated DGFs show very high accuracy in compar-
ison to the direct FDTD solution. We have also shown that, in
the derivation of multilayered DGFs, the direct implementation
of the FDTD has some limitations with regard to the estimation
of the steady-state values of DGFs. These steady-state values
are required for the truncating window in the convolution
calculation.
The proposedmethod has potential applications in printed an-

tenna modeling. Numerous papers have presented MPIE based
on spectral domain Green’s functions toward solving printed an-
tennas, [19]–[21]. On the contrary, we have developed mixed-
potential finite-difference equations based on time-domain dis-
crete Green’s functions. Our proposed method has the advan-
tages of MPIE in that a three-dimensional problem is reduced
to a two-dimensional one.
The whole formulation, implementation, and evaluation

of the extracted DGFs through the finite-difference scheme
of mixed-potential equations are presented in Section II. In
Section III, two types of printed antennas are analyzed in the
time-domain with the discrete Green’s function method, and the
computer resources required for the analysis of these antennas
are discussed.

II. FORMULATION

A. Modeling of the Structure

First, a simple case of two dielectric half-spaces, as shown in
Fig. 1, is studied. The dielectric in regions 1 and 2 is assumed
to be isotropic and lossless with permittivity and , respec-
tively, and to be infinite in the transverse direction. A y-directed
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Fig. 1. Geometry of the two dielectric half-spaces with a horizontal current
source on the interface.

Fig. 2. Scalar and vector potential distribution in the discrete model.

delta current source is located on the dielectric interface. The an-
alytical dyadic spectral domain Green’s function can be derived
from the solution of the mixed-potential equations. Since we are
seeking a discrete time and space solution for the Green’s func-
tion, the medium is meshed, as shown in Fig. 2. It is modeled
as a uniform rectangular lattice, with space increments , ,
and in the x-, y-, and z-coordinate directions, respectively.
The discrete representation of the magnetic vector potential fol-
lows the same scheme as the electric field in the Yee’s algorithm
of the FDTD method, and the intersections of the grid represent
the scalar potential. It is important to note that, due to the fi-
nite numerical precision, all three components of the magnetic
vector potential have nonzero values although the analytical so-
lution shows zero value for .
To establish the discrete Green’s functions, the current source

at the location is considered as the following Kro-
necker delta function:

(1)

According to the continuity condition of the electric current,
the electric charge can be computed as

(2)

(3)

Fig. 3. Current and charges at the interface, .

Substituting (1) into (3) results in

(4)

(5)

where is the unit step discrete function having the value of 1
when . Since the electric charge is obtained in the form of
the step function, the scalar potential determines the steady-state
values of the DGFs. Fig. 3 shows the current and the related
charges at the interface.

B. Scalar Potential

In this section, we determine the expressions of the scalar po-
tential nodes. The scalar homogeneous wave equation is satis-
fied for the nodes within each dielectric medium, and its corre-
sponding second-order finite-difference representation is of the
following form:

(6)

where ; , and sub-
scripts 1 and 2 refer to media 1 and 2 ,
respectively. Equation (6) should be modified for the nodes on
the interface . The electric field expression in terms of
the potentials is given in (7). By multiplying (7) by and taking
its divergence, we obtain (8)

(7)

(8)

By applying the Lorentz gauge in the nonhomogeneous
media as

(9)
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Fig. 4. Integration cube of (11).

we obtain

(10)

Integrating over a cube with side lengths of , , and
around a node on the interface and applying the divergence

theorem yield the following result:

(11)

is the entire enclosed surface of the cube. The expression of
on each side of the cube can be evaluated from the adjacent

nodes. As an example, is calculated for the of Fig. 4 as

(12)

The effective dielectric constant assigned to the cells on the
interface is the average value of dielectric constants,

. Equation (11) can thus be written as

(13)

Rearranging (13), we obtain

(14)

where ; .

C. Magnetic Vector Potential

To establish finite-difference equations for the magnetic
vector potential, its spatial components are divided into two
categories: the components that exist on the boundary ( and
) and the component that does not exist on the boundary
.

For the first category, similarly to (6), the scalar homogeneous
wave equation is satisfied for the nodes that are inside each di-
electric medium, as shown in (15)

(15)

Modification is required for the interface grid points. The gen-
eral form of the wave equation for the magnetic potential is ex-
pressed as

(16)

(17)

The finite-difference form of the nonhomogeneous Lorentz
gauge in (9) is, on the boundary,

(18)

By taking the derivative of (18) with respect to (and ) and
substituting its value into (16) (and (17)), we obtain

(19)

(20)
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For the second category, since does not have any nodes
on the interface, the finite-difference scalar homogeneous wave
equation is satisfied for all nodes. However, it always gives a
zero answer. Therefore, we have to apply the general form of
the wave equation for the nodes adjacent to the interface, given
as

(21)

with the following finite-difference representation:

(22)

where subscripts 1 and 2 refer to the nodes inside media 1
and 2 , respectively. For the rest of the nodes,

we use the followingfinite-difference scalar homogeneouswave
equation:

(23)

The finite-difference form of the electric fields can be ex-
pressed in terms of the potentials as

(24)

(25)

(26)

D. Implementation for Multilayered Media

The previous formulation can be extended to multilayered
structures. Fig. 5(a) shows a multilayered medium with
dielectric layers and interfaces located at , .
The medium is assumed to be infinite in the transverse direction.
A y-directed delta current source is located at on
the -th interface. The increment is selected such that the
, , and nodes are located on the interfaces, as in the

Y-X plane in Fig. 2. In this manner, the update equations for the
scalar and vector potentials inside each layer are given by

(27)

(28)

where ; . The update
equations for , , and on the -th interface are given by

(29)

(30)

(31)

where ; and
. For the -th interface at the loca-

tion of the source, the term related to the
charges and the term related to the current
source are added to (29) and (31), respectively. As previously
mentioned, for the nodes adjacent to the interface, the update
equation of (28) for the component is replaced with (32) and
(33) as follows:

(32)
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Fig. 5. (a) Geometry of a multilayered medium with a delta current source
located at the -th interface, (b) Implementation flowchart of the proposed
method for extracting multilayered DGFs.

(33)

TABLE I
COMPARISON OF THE FDTD METHOD AND THE PROPOSED METHOD FOR

CALCULATION

TABLE II
COMPARISON OF THE FDTD METHOD AND THE PROPOSED METHOD FOR

CALCULATION

The flowchart in Fig. 5(b) depicts the implementation steps
for extracting multilayered DGFs from the finite-difference
formulation of mixed-potential equations. Absorbing boundary
conditions are not considered here due, on one hand, to the
deficiency of the perfectly matched layer (PML) in the proper
absorption of the wave that is generated by the delta source
with infinite frequency bandwidth and, on the other hand, to
the limited number of iterations often required for calculations.

E. Evaluation of the Extracted Multilayered DGFs

The previously obtained discrete Green’s functions for the
half-space problem are compared with the direct implementa-
tion of the Yee’s FDTD algorithm. The , , and in the
computational domain are taken as 0.5 mm, and the dielectric
constants of media 1 and 2 are selected as 1 and 2.2, respec-
tively. The time increment is determined according to the
Courant stability condition as , where is the
speed of light. A large spatial grid of cells is
considered such that the reflected waves from the PML do not
reach the observation point in the FDTD simulation. The same
spatial grid is also assumed for the computational domain of
the mixed-potential method. The y-directed delta current is lo-
cated on the interface at the center of the grid (in cell position

. The and components of the
electric field ( and , respectively) at the excitation point
are listed in Tables I and II. For , the difference lies in the
fourteenth decimal place, whereas for , the results are iden-
tical to fifteen decimal places. Furthermore, a y-directed point
current source with a differentiated Gaussian waveform on the
interface of the dielectric is considered, and the electric fields in
the and directions are obtained by using the convolution of
the source with and , respectively. The results are
compared with those of the FDTD method. The relative error
between the results of the FDTD method and those of
the proposed method is defined as

(34)
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Fig. 6. Relative error between the and waveforms computed using the
convolution of the current source with the DGFs and the FDTD method for the
cell positions (a) , (b) , and (c) .

which is shown in Fig. 6 for the cell positions ,
, and . An error

below 250 dB is obtained for the computation in double
floating-point precision.
The accuracy of the extracted DGFs for multilayered struc-

tures is evaluated by using a sample five-layered medium, as
shown in Fig. 7(a). The , , and are selected as 0.4
mm, and the y-directed delta current source is located on the
interface of media 2 and 3. Fig. 7 shows the relative error be-
tween the DGFs computed through the FDTDmethod and those
obtained with the proposed method at three different observa-
tion points. As shown in the figure, the accuracy obtained is be-
tween 100 dB to 300 dB, which is almost the same as in the
half-space problem.

III. APPLICATION OF MULTILAYERED DGFS IN PRINTED
ANTENNAS MODELING

As a practical application of multilayered DGFs, two printed
antennas on a dielectric substrate are studied in this section.
First, the DGFs of the dielectric substrate are computed by using
the flowchart in Fig. 5(b), and those that are on the surface of the
antenna are saved. This process is run only once for the given
values of the Courant numbers. A nonuniform mesh grid can
also be used to model a thin substrate as accurately as the FDTD
method. The march-on-in-time scheme of the update equation
of the current on the antenna, extracted in [2], [3], is then ap-
plied as

(35)

This step can be done for different antenna sizes by using the
stored DGFs. Furthermore, this calculation is performed only on
the surface of the antenna, regardless of the white space around
it.

Fig. 7. (a) Geometry of a five-layered medium with a y-directed delta current
source on the interface of the media 2 and 3 located at . Relative
error between the results of the FDTD method and the proposed method (b)
for the P1 point located at , (c) for the P2 point located at

, and (d) for the P3 point located at .

A. Modeling of a Printed Dipole

A simple dipole antenna, printed on a dielectric substrate with
the dielectric constant and thickness , is
shown in Fig. 8. The spatial and time increments are considered
as and , respec-
tively. The size of the antenna is selected as and

, with a gap of 0.5 mm between the two arms.
First, the DGFs for the infinite substrate are extracted according
to the proposed approach, and those that are on the interface of
the dielectric are saved. Then, the antenna is excited with the
first-order derivative of the Gaussian pulse in the direction,
and the time-domain current is calculated based on (35). The
spatial fast Fourier transform is also used to accelerate the cal-
culation of multidimensional convolutions of (35) [22]. As the
time step increases, DGFs tend toward nonzero constant values;
therefore, by performing appropriate time windowing, the time
convolution of the current can be calculated only for time
steps instead of for all previous time steps. More accurate re-
sults can be obtained by using a Hann window [17]; however,
in this case a simple rectangular window function is selected, as
follows:

(36)
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Fig. 8. Geometry of the printed dipole.

Fig. 9. Simulated return loss of the printed dipole.

where is the time step at which the excitation arrives at the
calculation point. The window size is . The con-
stant values outside the window, which play an important role
in the stability of the solution, are the steady-state values of the
DGFs. As previously mentioned, these are dependent on the
scalar potential response, which is not separable in the direct
FDTD solution.
In Fig. 9 the frequency response of the printed dipole antenna

is shown in comparison with the FDTD method. The window
size is selected as and 500. As shown in Fig. 9, a
further increase in the window size does not change the simula-
tion results significantly. In addition, the results of the DGF and
direct FDTD methods overlap well.
One approach to extracting DGFs is the use of the conven-

tional FDTD method. For this purpose, the electric current
source is considered as the Kronecker delta function, and the
fields are computed through the update equations of the Yee’s
algorithm. The required fields are saved as DGFs and applied
within (35). However, for ease in the convolution calculations
of (35), we have to use windowing, and we need the steady-state
values of the DGFs. We cannot consider the DGFs outside the
window as zero values because of the existence of the step
charges. In the FDTD implementation, the field responses to
the charges and the current are not separable. Therefore, the
conventional FDTD method for extraction of DGFs cannot
estimate the steady-state values of DGFs correctly.
Fig. 10(a) shows the current at the feed location using the

direct FDTD method, the implementation of (35) in which
DGFs are calculated through the proposed finite-difference
solution of the mixed-potential equations (DGF method), and

Fig. 10. (a) Comparison of current at the feed location of the printed dipole an-
tenna using the direct FDTD method (black solid line), implementation of (35)
when the DGFs are calculated through the proposed mixed-potential method
referred to as the DGF method (green dashed line), and implementation of (35)
when the DGFs are calculated through the FDTD method with (red
line with round marker) and (blue dotted line). (b) Relative error
between the current calculated using the direct FDTD method and that obtained
with the DGF method.

the implementation of (35) in which DGFs are calculated
through the FDTD method with and 500. As shown
in the figure, the instability of the current out of the window
is clear when DGFs are calculated by using the conventional
FDTD method. The error between the feed current from the
direct FDTD method and that from the DGF method is shown
in Fig. 10(b). In the FDTD method, the current of the antenna
is obtained by applying Ampere’s law. In this way, the current
at a certain time instant is dependent on the magnetic field
at the same time instant, which in turn is dependent on the
electric field at the previous time instant. In contrast, in the
DGF method, the current is dependent on the electric field in
the future ( in (35)). In fact, the current calculation in
the FDTD method is a forward solution, whereas the current
calculation in the DGF method is an inverse solution. There-
fore, a few time steps are needed to adapt the solutions in the
initial time steps, and the error never goes below 200 dB
in the whole interval. Furthermore, the windowing in DGF
simulation and the reflections from the absorbing boundary
conditions in FDTD simulation lead to an error below 50 dB
at the end of the interval, at which the values of the current are
smaller and more sensitive to numerical computations.

B. Modeling of a CPW-Fed Monopole Antenna

As another example, a rectangular monopole antenna with a
coplanar waveguide (CPW) feed is studied. The antenna, shown
in Fig. 11, is printed on an FR4 substrate with thickness of 1.6
mm, relative permittivity of 4.4, and loss tangent of 0.02. The
spatial and time increments are set to

and , respectively. The total number of
cells is 100 83, corresponding to the and directions. As
depicted in Fig. 12, the x-directed incident electric fields are be-
tween the central strip and the ground planes and are 180 out of
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Fig. 11. Geometry of a CPW-fed rectangular monopole antenna with
, , , , ,

, and .

Fig. 12. A portion of the mesh grid showing the excitation and current distribu-
tion. The relative positions of the electric currents follow the same distributions
as the electric fields in the Yee’s grid.

phase in the two slots fromwhich the CPW is excited in the even
mode. After launching the first derivative Gaussian pulse exci-
tation, the transient currents are computed at successive time
steps by using (35). Then, the input impedance of the antenna
can be determined by using the voltage and the current, which
are defined as follows:

(37)

(38)

where is the number of nodes in the slot (in this case, 2).
Fig. 13 shows the reflection coefficient measurement and simu-
lation results, which are in reasonable agreement. The omission
of the dielectric losses and antenna thickness in the simulations
may account for the difference between the simulated and mea-
sured results.

C. Computer Resources

In this section, we present some information on computer re-
sources to facilitate further research on the proposed method.
All computations in this study were carried out on a 64-bit PC
with an 8-core 3.5 GHz CPU and 32 GB RAM. The codes were
written in FORTRAN, in which the numbers were represented
by double floating-point precision. The written codes were com-
piled on a single CPU core without any optimization, and FFT
functions provided by the AMD Core Math Library (ACML)
module were used [23]. The ACML has both single-processor

Fig. 13. Simulated and measured return loss of the antenna.

and multiprocessor versions. The single-processor version of
the ACML can be run on a multiprocessor machine. In our se-
rial codes, we used the single-processor version of the ACML.
Therefore, our code execution was completely serial.
Thememory usage for DGF calculation through the flowchart

in Fig. 5(b) and through the FDTD method is dependent on the
number of cells, which in turn is dependent on the window size.
In both methods, the values associated with each cell are real
numbers in double precision (8 bytes). In the proposed method,
each cell has three values of magnetic vector potential and one
value of scalar potential, which are related to their values at two
previous time steps. This gives amemory usage of bytes
per cell. However, each FDTD cell has six field values, which
are related to their values at only one previous time step. This
gives a memory usage of 6 8 bytes per FDTD cell. Therefore,
the memory allocation in the proposed method is approximately
30 percent more than that in the FDTD method. However, as
previously mentioned, the FDTD method for DGF extraction
cannot estimate the steady-state values of DGFs correctly.
Since, for the given values of the Courant numbers, the DGFs

are computed and stored once, and the current of different an-
tennas can be computed through (35) using the stored DGFs,
the computational runtime is separated into two parts: a time
for generating DGFs and a time for computing the current from
(35).
The time for generating the discrete dyadic Green’s function

is constant for various antenna sizes but is highly dependent on
the window size. The larger the window size is, the bigger the
number of cells will be, and the longer the computations will
take. However, we have found by trial and error that the proper
window size for this type of antenna is about 500 to 600. Fig. 14
shows the log-log diagram of the CPU time for generation of
the required DGFs versus the window size. This time is dra-
matically reduced compared with the generation time for the
closed-form-DGFs derived in [5].
The time for computing the current from (35) is strongly de-

pendent on the size of the antenna, and most of this time is spent
on calculating the time convolution of (35). As the electrical di-
mension of the antenna increases, the proposedmethod becomes
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Fig. 14. CPU time for generation of the required DGFs.

TABLE III
COMPARISON OF THE TOTAL CPU TIME AND MEMORY REQUIRED FOR THE

ANALYSIS OF THE ANTENNAS

inefficient. The calculations of the spatial convolutions of (35)
are accelerated by using the FFT algorithm [22]. However, fur-
ther investigations can be done on the use of other fast convolu-
tion algorithms in the time convolution calculation of (35). Be-
cause the window length of the time convolution of (35) is long
(about 500 to 600 terms depending on the window size), an iter-
ated convolution algorithm that decomposes a long convolution
into several levels of short convolutions can be used. Table III
presents a comparison of the CPU time andmemory required for
the calculation of update equations between the FDTD and the
DGF method for a total of 3000 time steps. Note that Table III
lists only the time needed for computing the current from (35) in
DGF simulation since, for the analysis of each antenna, we can
use stored DGFs, and it is not necessary to repeat the computa-
tion of the DGFs unless the Courant numbers change. As shown
in the table, the update equation of the current in (35) for the
DGF method in conjunction with the spatial FFT algorithm re-
quires more memory because of the complex numbers involved
in the calculations. A real-valued fast Fourier transform can al-
leviate this challenge. In addition, the savings in computational
runtime that is offered by the DGF method depends on the size
of the antenna.

IV. CONCLUSION

A new numerical technique for extraction of discrete Green’s
functions in multilayered media has been proposed. This
method does not suffer from the implementation challenges of
analytical closed-form-DGFs in free space. The steady-state of
the DGFs is also predicted correctly, facilitating the use of the
truncation window. Furthermore, the application of the method

has been demonstrated by the analysis of two simple antennas.
Despite the fact that the computations are done only on the
antenna and absorbing boundary conditions are not used, this
method has some limitations in the memory allocation and time
convolution calculation for large antennas.
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