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Abstract—In this paper a new diagonal recurrent neural
network that contains two recurrent weights in hidden layer is
proposed. Since diagonal recurrent neural networks have simpler
structure than the fully connected recurrent neural networks,
they are easier to use in real-time applications. On the other hand,
all diagonal recurrent neural networks in literature use one
recurrent weight in hidden neurons, while the proposed network
takes advantage of two recurrent weights. It will be shown, by
simulations, that the proposed network can approximate
nonlinear functions better than the existing diagonal recurrent
neural networks. After deriving the training algorithm, the
convergence stability and adaptive learning rate will be presented.
The performance of the proposed network in model identification
shows the accuracy of this network against the diagonal recurrent
neural networks. Moreover, this network will be applied to real-
time control of an image stabilization platform.

I. INTRODUCTION

Neural networks are effective tools for modeling and control

of nonlinear systems [1]-[3]. Most researchers use feedforward

neural networks (FNNs), combined with tapped delays and the

backpropagation training algorithm (BP) [4] to identify

dynamical systems. The problem is that FNNs provide a static

mapping and without the aid of tapped delays, it cannot

approximate nonlinear dynamic systems with good accuracy.

Recurrent Neural Networks (RNNs), on the other hand, have

dynamic ability; hence, more suitable for dynamic systems. In

Fully connected Recurrent Neural Networks (FRNNs) [5],[6],

where all neurons are connected to each other, it is difficult to

train the network due to massive number of weights; hence, it

takes more time for weights to converge. Alternatively,

Diagonal Recurrent Neural Networks (DRNNs) are a special

kind of recurrent networks, which have fewer weights and

shorter training time as compare to FRNNs. DRNN was first

established by Ku [7]-[11]. Later on, other researchers

developed the performance of this network [12]. DRNNs have

been widely applied in system identification and controller

design [13]-[20]. In the past decade, many recurrent neural

network architectures were introduced in literatures. The

structures of these networks are similar except for the recurrent

neurons and their synaptic weights. Higher order DRNNs [21]

use different combinations of recurrent neurons. Most of these

networks are tailored for special plants and generally may not

be able to identify and/or control a large class of systems. Also

block-diagonal recurrent neural networks (BDRNN) [22]-[26],

which were introduced recently, use a combination of a pair of

neurons, called block, in their network structure, along with

one tapped delay in hidden neurons. The main purpose of the

taped delay is to retain the history of states of neurons.

However, the recurrent weights are updated only using the

previous state and cannot use other states directly. In this

paper, two tapped delays are used in the hidden neurons of

DRNN, hence calling it Second-order Diagonal Recurrent

Neural Network (SDRNN). With this structure, more history of

states of neurons can be incorporated directly into the training

algorithm. A generalized dynamic backpropagation (DBP)

algorithm will be derived, and it will be shown that the

proposed SDRNN not only provides more accurate

identification, but also a shorter training time as compare to

DRNN. Moreover, convergence of the proposed dynamic

backpropagation is developed and the maximum learning rate

that guarantees the convergence of the algorithm is derived.

This paper is organized as follows. In section II, a

comparison between the numbers of weights in the above-

mentioned recurrent neural networks will be given. Section III

represents the training algorithm for the proposed neural

network, followed by convergence and stability analysis of the

algorithm in section IV. In section V a simulation example for

system identification will be given. Section VI shows the

ability of the proposed neural network to control a highly

nonlinear system in an experimental setup. Finally, section VII

concludes the paper.

II. THE NUMBER OF WEIGHTS IN SDRNN, FRNN AND DRNN

Let { }, ,T p q rN I H O= represent a T-type neural network

with p inputs ( )pI , q sigmoid neurons in the hidden layer

( )qH , and r linear neurons in the output layer ( )rO . RN , DN

and SN represent FRNN, DRNN and SDRNN, respectively.

Let TG be the total number of weights for a T-type neural

network.
Therefore, the total number of weights (including q bias

weights), for the RN , DN and SN neural networks are

( ) 21 ,RG p r q q= + + +  (1)

( )2 ,DG p r q= + +   (2)

( )3 .SG p r q= + + (3)

For instance, if 3p = , 10q = , and 1r = , then 150RG = ,

60DG = and 70SG = . Even in this small neural network, the
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number of weights in FRNN is far more than that of DRNN or

SDRNN; but the number of weights in SDRNN is just q

weights more than that of DRNN.

III. DYNAMIC TRAINING ALGORITHM FOR SECOND ORDER

DIAGONAL RECURRENT NEURAL NETWORK

Fig. 1 shows the structure of the proposed neural network.

Mathematical model for this network is given by

( ) ( ) ( )O

j j

j

y k O k W Z k= =∑ (4)

( ) ( )( )j jZ k H kρ=  (5)

( ) ( ) ( )1 21 2 ,I D D

j ij i j j j j

i

H k W u W Z k W Z k= + − + −∑  (6)

where ( )ρ ⋅ is the sigmoid function.

Let ( )y k and ( )dy k be the real and desired outputs,

respectively. The error cost function is defined by

( ) ( ) ( )( )21
.

2
dE k y k y k= −  (7)

The gradient of error in equation (7), with respect to an

arbitrary weight vector W, is represented by

( ) ( ) ( ) ( )
. .

y k O kE
e k e k

W W W

∂ ∂∂
= − = −

∂ ∂ ∂
 (8)

where ( ) ( ) ( )de k y k y k= − is the error between the plant and

the network response. The derivatives of the output with

respect to the neural network weights are

( ) ( )jO

j

O k
Z k

W

∂
=

∂
(9)

( ) ( )
( )

( )
( )

1 1
. .

j O

j jD D

j j j

Z kO k O k
W P k

W Z k W

∂∂ ∂
= =

∂ ∂ ∂
(10)

( ) ( )
( )

( )
( )

2 2
. .

j O

j jD D

j j j

Z kO k O k
W G k

W Z k W

∂∂ ∂
= =

∂ ∂ ∂
  (11)

( ) ( )
( )

( )
( ). .

j O

j ijI I

ij j ij

Z kO k O k
W Q k

W Z k W

∂∂ ∂
= =

∂ ∂ ∂
  (12)

where

( )
( )
( )

( ) ( )
( )

( )

( )
( )

( )

( )( ) ( ) ( ) ( )( )

1 1

1

1 2

1
. .

1

2
.

2

. 1 . 1 . 2

j j j j

j D D

j j j j

j j

D

j j

D D

j j j j j j

Z k H k H k Z k
P k

H k W Z k W

H k Z k

Z k W

H k Z k W P k W P kρ

⎛∂ ∂ ∂ ∂ −
= +⎜⎜∂ ∂ ∂ − ∂⎝

⎞∂ ∂ −
+ ⎟⎟∂ − ∂ ⎠

′= − + − + −

  (13)

( )
( )
( )

( ) ( )
( )

( )

( )
( )

( )

( )( ) ( ) ( ) ( )( )

2 2

2

1 2

1
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D

j j

D D

j j j j j j

Z k H k H k Z k
G k

H k W Z k W

H k Z k

Z k W
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⎛∂ ∂ ∂ ∂ −
= +⎜⎜∂ ∂ ∂ − ∂⎝

⎞∂ ∂ −
+ ⎟⎟∂ − ∂ ⎠

′= − + − + −

  (14)

Fig. 1. Second order diagonal recurrent neural network structure
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(15)

with the following initial values

( ) ( )0 0, 1 0,j jP P= = (16)

( ) ( )0 0, 1 0,j jG G= =  (17)

( ) ( )0 0, 1 0.ij ijQ Q= = (18)

Therefore, the weights are adjusted by the following

equation:

( ) ( )1
E

W n W n
W

η
∂⎛ ⎞+ = + −⎜ ⎟∂⎝ ⎠

(19)

IV. CONVERGENCE AND STABILITY

The following theorem is based on reference [27] with some

modifications.

Theorem1:Let ( )max : maxkg g k= ,where ( ) ( ) /g k O k W= ∂ ∂ ,

and W is a weight vector composed of all the weight values in

SDRNN and ⋅ is the usual Euclidean norm in nR . Then, the

convergence of the identifier is guaranteed if mη is chosen as

2

max

2
0 m

g
η< <  (20)

Note that mη changes adaptively during learning process of

the network.

Proof: Assume there are p inputs in the input layer, q
neurons in the hidden layer and one neuron in the output layer.

Given a Lyapunov function as

I

ijW

O

jW1u

( )y k

jq

2u

iu

linear neuron

≡

TD
1D

jW

2D

jW
ρ

ρ
sigmoid function

TD
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( ) ( )21

2
V k e k=   (21)

Thus, the change of the Lyapunov function in two

consecutive samples due to the training process is obtained by

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 21
1 1

2

1

2

V k V k V k e k e k

e k e k e k

⎡ ⎤∆ = + − = + −⎣ ⎦

⎡ ⎤= ∆ + ∆⎢ ⎥⎣ ⎦

(22)

where ( )e k∆ is defined as the difference between two

consecutive error samples ( ) ( ) ( )1e k e k e k∆ = + − , which can

be defined as

( ) ( )
T

e k
e k W

W

⎡∂ ⎤
∆ = ∆⎢ ⎥∂⎣ ⎦

  (23)

Putting all weights into one vector as

1 2
T

T T T T
I D D OW W W W W⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

(24)

in which

1 2

T
T T T

I I I I

pW W W W⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦
L   (25)

1 1 1 1

1 2

T
T T T

D D D D

qW W W W⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦
L   (26)

2 2 2 2

1 2

T
T T T

D D D D

qW W W W⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦
L (27)

and 1

T
O OW W⎡ ⎤= ⎣ ⎦ . In (25)-(27) Z

iW represents the weight

vector corresponding to the ith neuron in the z layer

( 1 2, ( , , )I pq D D O qW R W W W R∈ ∈ ). Also, let

1

2

I

D

D

O

η

η
η

η

η

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

  (28)

where Iη , 1Dη , 2Dη and Oη represent the learning rate matrix

corresponding to IW , 1DW , 2DW and OW , respectively, and

1

I

IIη η= , 1

2 1

D

DIη η= , 2

3 2

D

DIη η= , 4

O

OIη η= . Moreover,

iη (i=1, …, 4) is a positive constant, and ZI is the identity

matrix with z representing I, D1, D2, and O, respectively. Then

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

2

1 2

.

.

I

D

D

O

T
T T T T

I D D O

V k e k
W e k e k

W W

e k e k e k e k

W W W W

η

η
η η

η

η

⎡ ⎤
⎢ ⎥∂ ∂ ⎢ ⎥∆ = − = − = −
⎢ ⎥∂ ∂
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤⎡∂ ⎤ ⎡∂ ⎤ ⎡ ∂ ⎤ ⎡∂ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

(29)

( ) ( ) ( )

( ) ( ) ( ) ( )
2 2 2 2

1 2 3 41 2
.

T

I D D O

e k
e k W e k

W

e k e k e k e k

W W W W
η η η η

⎡∂ ⎤
∆ = ∆ = −⎢ ⎥∂⎣ ⎦

⎛ ⎞∂ ∂ ∂ ∂
⎜ ⎟+ + +
⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

  (30)

Let

( ) ( ) ( ) ( )
2 2 2 2

1 2 3 41 2I D D O

e k e k e k e k

W W W W
λ η η η η

∂ ∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂
 (31)

then

( ) ( )( )2 21
2 .

2
V k e k λ λ∆ = − − (32)

According to the Lyapunov stability theory, if convergence

must be guaranteed, then ( ) 0V k∆ < , thus 0 2λ< < , that is 

( ) ( ) ( ) ( )
2 2 2 2

1 2 3 41 2
0 2

I D D O

e k e k e k e k

W W W W
η η η η

∂ ∂ ∂ ∂
< + + + <

∂ ∂ ∂ ∂
(33)

Let { }
4

1
maxm i

i
η η

=
= ; thus, as long as

( ) ( ) ( ) ( )
2 2 2 2

1 2 3 41 2
2

I D D O

e k e k e k e k

W W W W
η η η η

∂ ∂ ∂ ∂
+ + + <

∂ ∂ ∂ ∂
(34)

Equation (33) must be satisfied. So the convergence

condition can be written as

( ) ( ) ( ) ( )
2 2 2 2

1 2

2
0 m

I D D O

e k e k e k e k

W W W W

η< <
∂ ∂ ∂ ∂

+ + +
∂ ∂ ∂ ∂

 (35)

Note that ⋅ is the Euclidean norm, therefore

( ) ( ) ( ) ( ) ( )
2 2 2 2 2

1 2I D D O

e k e k e k e k e k

W W W W W

∂ ∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂ ∂
 (36)

Now let

( ) ( ) ( )e k O k
g k

W W

∂ ∂
= =

∂ ∂
 (37)

and let ( )max maxkg g k= , then (20) follows. o

Theorem2:Let ( )max : maxkg g k= and ( )max : maxkS S k=

where ( ) ( ) /g k O k W= ∂ ∂ and ( ) ( ) ( ) ( )/ uS k y k u k y k= ∂ ∂ = ,

and W is a weight vector composed of all the weight in the

SDRNN, and ⋅ is the Euclidean norm in nR . Then, the

convergence of the controller is guaranteed if mcη is chosen as

2 2

max max

2
0 mc

S g
η< < (38)

Note that ( )S k is the sensitivity of the plant output with

respect to its input.

Proof: Same as in Theorem 1, it can be written

( ) ( ) ( )u

e k
W y k e k

W
η

∂
∆ = −

∂
(39)

and the rest of proof is straight forward. o
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V. COMPARISON BETWEEN SDRNN AND DRNN

ON SYSTEM IDENTIFICATION

Consider the following plant model

( ) ( ) ( ) ( )
( ) ( ) ( )( )
( ) ( ) ( )( )

1 0.2 0.2 1 0.2 2

sin 0.5 1 2

cos 0.5 1 2

y k y k y k y k

y k y k y k

y k y k y k

+ = + − + −

⎡ ⎤+ + − + −⎣ ⎦

⎡ ⎤⋅ + − + −⎣ ⎦

  (40)

The proposed neural network in this paper and the DRNN are

employed to identify the system in (40). There are one input,

10 neurons in the hidden layer and one output for both

networks. Fig. 2 shows the sum of squared error for both

networks.

Fig. 3 and Fig. 4 show the comparison on the model

identification and the adaptive learning rate ( mη ), respectively.
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VI. EXPERIMENTAL RESULTS

The proposed SDRNN is used to control a submarine

periscope mirror. Fig. 5 shows the experimental setup of this

system.

Fig. 6 shows the schematic diagram of a periscope, where 1θ

and 2θ are the motions imposed from the sea waves on the

submarine and the periscope, along the roll and the pitch axes,

respectively. It is assumed that gyroscopes measure these

angles. Image stabilization equation maps these angles to the

three dimensional space. In this paper, the mirror is controlled

for the line of sight (LOS) stabilization. Fig. 7 shows the

proposed control block diagram. The proposed scheme is based

on [12], in which the identifier is replaced by the proposed

SDRNN. This identifier estimates the required /y u∂ ∂ in the

NN controller.

Figs. 8 to 10 show the reference tracking on 4θ and 5θ , and

the error between the reference and the plant output,

respectively.
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Fig. 6. Schematic of the Periscope

Fig. 7. Control block diagram
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VII. CONCLUSION

In this paper, a new diagonal recurrent neural network that

contains two recurrent weights for every hidden neuron was

proposed. It was shown that using two recurrent weights could

help improve the estimation property of recurrent networks

while the computation burdens are not as much. After deriving

the learning law for this proposed network, convergence

stability and adaptive learning rate were presented. The

performance of the proposed network in model identification

showed the accuracy of this network against the DRNN. At the

end, this network was applied to real time control of an

experimental image stabilization platform.
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