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This paper presents analysis and regulation of switching in the sliding-mode observers for nonlinear systems. First,
the high gain property of the sliding observer is employed in order to obtain fast convergence of the estimated
states to the system ones. Then, when the system is in the switching condition, signals are decomposed into two
modes: the slow mode and the fast mode. The observer parameters are designed based on the relay feedback
systems such that the high gain property is provided for the slow mode operation. This ensures fast convergence of
the estimated states and at the same time, by controlling the fast mode of the observer, the high frequency
oscillations (i.e. the chattering phenomena) can be rejected by a simple low-pass filter. In addition, the behavior of
the proposed observer is analyzed in the presence of the measurement noise. Moreover, a variable relay-equivalent
gain technique will be introduced to make the proposed observer less sensitive to measurement noises and to
maintain good estimation of the states. The proposed nonlinear observer is tested through simulations in an
illustrative example involving a bioreactor. Simulation results show good performance of the proposed method as
compared to the conventional sliding-mode observer.
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1. Introduction
Sliding-mode observers are known to be robust against presence of disturbances and modeling uncertainties
[1-3]. Although these observers are highly robust with respect to noises in system inputs, it turned out that the
corresponding stability degrades in systems that exhibit output noise or mixed uncertainties [4]. When the
measurements are noisy, because the time derivatives cannot be accurately calculated, it can lead to poor closed-
loop performance or instabilities in the estimation procedure.
Sliding-mode observers are known as high-gain observers, which have appropriate behavior in disturbance
rejection [5—7]. Vasiljevic and Khalil have shown that a high-gain observer acts as a differentiator in the limit as
the gain approaches infinity [8]. Hence, in the presence of the measurement noise, it magnifies the noise in the
estimated states. Therefore, there is a trade-off between the observer gain and the noise effect in the state
estimation. In addition, they have showed that a bound on the estimation error exists that depends on the
maximum amplitude of the measurement noise. Recently, Ahrens and Khalil have introduced a high-gain
observer, where the gain matrix switches between two values [9]. In this method, when the estimation error
reaches a steady-state threshold, it switches to a second gain to reduce the effect of the measurement noise. The
idea of gain switching in observers has been employed before by other researchers for noise cancellation in the
state estimation [10].

Since the main source of the sliding phenomena is the relay element, researchers use relay feedback systems
to analyze sliding properties [11]. Due to the interesting characteristics of relay feedback systems, research in

this area is fast developing. A number of analyzing methods for the modeling of relay feedback systems as well



as methods for estimating the switching frequencies and the amplitude of oscillations are discussed in [12, 13]. It
is well known that when the relay feedback system is operating in the switching mode, it may have finite or
infinite switching frequencies, which are called the limit cycle and the ideal sliding mode, respectively.

For the first time, Boiko and Fridman applied the relay feedback concept to the design of linear observers,
where they have used the relay equivalent gain technique [14, 15]. In continuation of their works, a novel
approach for the observer design for nonlinear systems in presence of the measurement noise is presented in this
paper. The proposed method takes advantage of the high-gain observers in order to enforce the estimated states
to move quickly to the system states. Therefore, in the first step, the conditions for forcing the observer to go to
the switching zone are satisfied. Next, when the observer is operating in the switching or the sliding condition,
the signals are decomposed into two parts: the slow-mode part and the fast-mode part. For every mode, the
corresponding design for the appropriate operation of the observer will be considered. It will be shown that the
amplitude and frequency of oscillations have direct effects on the dynamics and stability of the fast and slow-
modes of the states estimation when the observer is operating in the switching condition. Moreover, in order to
make the proposed observer robust against the measurement noise, first the performance of the observer in
presence of the measurement noise is analyzed. Next, the effect of the measurement noise in states estimation
will be considerably reduced by introducing a Variable Relay-Equivalent Gain (VREG) technique. The main
features of this paper can be summarized as follows:

e Frequency regulation of the sliding-mode observer without any need for linearization
e Presenting a relationship between the switching frequency and stability and the performance of sliding-
mode observers
e Providing high gain property in the switching mode for sliding-mode observers and consequently obtaining
fast convergence of the estimated states to the actual states
e Proposing a variable gain technique in order to have less sensitivity to the measurement noise in sliding-
mode observers.
Simulation results show good performance of the proposed method as compared to the conventional sliding-
mode observers in a bioreactor application.
This paper is organized as follows. Section 2 gives the problem statement, preliminary definitions, and
assumptions. Section 3 provides the design procedure of the proposed method. Section 4 presents measurement

noise analysis. Section 5 shows illustrative example followed by conclusions in Section 6.

Notations: Throughout this paper, Ay (A) denotes the maximum eigenvalue of matrix A and ||A|| denotes the 2-

norm of it.

2. Problem statement
Consider the following class of systems:

x=Ax+f(x,u)+EA(x,u) m
y=Cx

where x e R" is the vector of unknown state variables, u € R™ is the input signal, y € R is the measured

output, f :R" xR — R" is a nonlinear smooth function, E € R and A :R"xR™ - R is the modeling

uncertainties and disturbances, respectively.



Assumption 1: An estimation gain L can be designed such that (A—LC) is stable.

Assumption 2: The uncertainty function A is assumed to be bounded; that is, ||/”t(x,u)|| <2, where 1 is the

upper bound.

Assumption 3: The nonlinear function f(x,u) is Lipschitz with respect to x and uniformly for u € 20, where

2l is an admissible control set. That is, there exists a constant y >0 such that

(o) =1 ()] <7 x5 )

The following observer is proposed for system (1):
X=A%+f(X,u)+L(y-y)+ET
Goss (S):z{A ) ( ) ( ) (3)

y=Cx

where X denotes the estimated state vector, L is the observer matrix, and u is a discontinuous signal with the

following form:

T =dsgn(o, (1)), )

in which d >0 is the relay gain and
o, (t)=y(1)-¥(1) 5)
Y (jQ)=Y (JQ)H(jQ), (6)

where Y (jQ) and Y (jQ) are the Laplace transform of signals y(t) and y(t), respectively. Assume that
H (j<Q) is designed such that in the frequency domain

H(iO 1 forQ<Q, ;
(UD*10(jq) rraso, @

where Q, is defined as the bandwidth frequency of the slow-mode of the observer in the switching mode,
@ (jQ) will be designed later on.

Defining the state estimation error as ¢ := x — X, the error dynamics becomes
c';=AG—L(y—j/)+(f(x,u)—f(§(,u))+E/”t(x,u)—ElT 5
=(A—LC)0+(f(x,u)—f(f(,u))+E/”t(x,u)—ElT ®)
The proposed observer is designed for two different states: the transient state and the switching state. In the
transient state, the observer is a high-gain observer. That is, the high gain of the relay (d) guarantees fast
convergence of the estimation errors to zero and forcing the observer to enter the switching region. Moreover,
the high gain can provide better disturbance rejection. It should be noted that, before the switching state (i.e.
when the estimation error is large) the amplitude of the measurement noise is negligible as compared to the
amplitude of the estimation error. Hence, the noise reduction does not play an important role when the estimation
error is large. In the switching state, however, a novel approach will be proposed where the signals are

decomposed into the slow and fast modes, each mode requiring a different design. In other words, the amplitude



and frequency of oscillations are defined such that the slow-mode of the observer in the switching mode behaves
like a high gain observers. This provides very quick convergence of the slow-mode estimation error to zero.
Moreover, by regulating the switching frequency, oscillations can simply be removed from the estimated states
using a low-pass filter. In addition, a Variable Relay-Equivalent Gain (VREG) technique will be proposed to

diminish noise effects on the estimated states. Hence, the objective is to design d, H(s), and L to achieve these

goals.

Definition 1: Due to the presence of the discontinuity in the relay, signals in the switching mode can be
decomposed into two parts: 1) the fast-mode part associated with the periodical motion across the switching
surface and 2) the slow-mode part associated with the motion along the switching surface. Let define Q< Q, as
the low frequency domain and €Q>Q, as the high frequency domain. Therefore, every signal in the system and
in the observer can be decomposed into two parts: 1) the slow-mode part and 2) the fast-mode part; i.c.
x=X,+Xx,, 0, (t)=0,(t)+0,(t),6=06,+6,, y=y,+y,, V=Y, +¥,, ¥ =¥, +¥, . where subscripts
“0” and “s” indicate the slow and fast modes of the corresponding signal, respectively. This separating idea has

been used before for linear systems by some researches such as [16] and [17].

Remark 1: As it will be considered later, since the frequency of the fast-mode can be designed high enough and

far from the bandwidth of the slow-mode of the observer QQ, , then by passing signals through a low-pass filter
with a bandwidth greater than Q, but smaller than the switching frequency Q, , which is high enough, the high
frequency mode can be removed from the estimated states. This idea was proposed before by other researchers
such as [18]. Hence, the main system just observes the slow-mode of the estimated state variables, which has
frequency in the domain of Q2 <Q, . Without loss of generality, let assume that the main part of the system
signals, which are going to be estimated, are in the frequency domain of Q <€, . In addition, the remaining part
of the system signals, which is assumed to be in the domain of Q>€, (e.g. measurement noises) is not
important as compared to the high frequency mode of the observer and hence, can be ignored. Therefore, the
high frequency parts of the main system signals, i.e. y,(f)and x,(f), can be eliminated. In other words, it can

be assumed that x, =0 and y,(¢)=0.

Proposition 1: Signal y(t) in the slow and fast-modes can be written as

y(t) for Q<Q,
y(t)= 9
7 J.(:j/(r)qo(t—r)dr for Q> Q, ©)
respectively, where @(t) is the inverse Laplace transform of ®(s) presented in (7). Moreover,
0, (t)=Co,y(¢) (10)
o, (t)=—C(j0'§(s (t)qo(t—r)dr) (11)

proof: Using (6) and (7), ¥ () can be written as

v(1)= v {¥jo) H(jo)| (12)



where "{} indicates the inverse Laplace transform operator. The slow and fast modes of this signal are

7Y (j9) () | aa,
o *‘{ Y(i9Q),. o H(J'Q)|Qggb} =

=Ily0 (t)8(t—-7)dr=y,(t),

o(t)

7. ()= {Y(iQ) H(jQ)}| 0.0,
= *‘{ Y( jQ)Lbe H( jQ)|Q>Qb} (14)
= [ 7. (x)p(t-7)dr.
Hence, the errors between the estimated and actual outputs in the slow and fast-modes are
0,0 ()= ¥ (£)= 75 (£) = C(x, () =%, (£)) = Co, (¢), (15)
o, (0)=.(6)-7. () =Cx, (0)=([} 5. ()0 (-7
=[x (0)-([} (Yol —r)a ). (16

Then, according to Remark 1, using a low-pass filter, o (f) becomes

o, (t)=—C(j0'§(s (T)go(t-f)df). (17)

The Laplace transform of (17) is
,.(5)=—CX,(5)®(s) = CE, (5)(s) (18)
where T, ()= {0, ()}, X ()=~ {X,(} and T (s)=  {o,(1)}. O

Remark 2: Decomposition of signals into the slow and fast modes is just needed in the switching state and in the
normal operation (i.e. before the switching conditions occur) where signals operate in the frequency domain

Q <O, . Hence, using (5) and Proposition 1, before the system enters into the switching state
o,(t)=Cs(t). (19)

In the next section, the observer design for these two states (i.e. the transient state and the switching state) will be

given.

3. Observer Design

In this section, the observer design will be presented for two different states. First, in the transient state,
conditions for forcing the estimated state variables to move quickly to the switching state will be defined. Due to
the high amplitude of the relay gain d, this mode acts as a high-gain observer. Next, in the switching state,
parameters will be designed such that a fast transient is obtained for the slow-mode and a simple high-frequency

rejection is provided for the fast-mode.



3.1. Transient state
In this subsection, it will be shown that proper selection of the relay parameter (d) guarantees convergence of the
error dynamics to the sliding surface in finite time and that the switching condition occurs.

Let define o, =0 as the sliding surface. It is well known that the sliding surface and its derivative must satisfy
oy =0y, =0 in the switching mode. The condition for existence of a switching mode is [19]:
c,6,<0 Vo, #0 and Vt2t,. (20)

Then, it is said that the surface o, =0 is an attracting surface and the switching condition occurs.

Assumption 4: Assume that the positive definite matrix P, =P and matrix L satisfy the following equation:
(A-LO)'P,+P" (A-LC)=-Q,, (21)

where A is Hurwitz and Q, is positive definite.
Assumption 5: Assume that 6'No >0, where N =PEC .

Lemma 1: Consider Assumptions 1--5, Remark 1, and the error dynamics (8) and (19). Selecting the sliding
parameter d as

d=>d, (22)

where
dy =( =2 (Q)) +[P 7)o (0)] + ATE[[P:] /| 2]

and ¢(0) is o(f) at t =t,, guarantees that hm”G(t)" =0, In addition, the sliding surface will reach the sliding

t—o

manifold o, =0 in finite time and the switching mode will occur.
Proof: Let define the following Lyapunov function:
1
V, = EGT Po. (23)

The time derivative of this function is

V,=6'Q6+0"P, (f(x,u)—f(f(,u)—E/”t(x,u))—cTPElT

o (@l Rl +ZEIPo-o"PECTr e
Considering Assumption 5 and the fact that Ceo is a scalar, it gives
V. (A (@) + [ 7)ol + Z [E] [P, o] -d €T “"‘;"ﬁ (25)
Hence, V, becomes negative if
ac®PE o (Ca @)+ R ]y)lol +Z[ElIRIo] 26)

Il

or equivalently



(= (@)1l +Z el Jic

d>
"Ccc PE"
+|[P AE(|P, C
>(( o (Q))+ [P ol + Z [P ] o
[Cllos" E]®.]
o (= Ao (Q)+[B 7 )]+ 2 [E] ||
[P

Now,let define
dy = (=2, (Q) + [P ) (0)]+ 2 ] /[

Hence, selecting d > d, guarantees V, <0 . Consequently, ||6(t)|| =0 can be reached in finite time.

Next, to show that the switching condition occurs, let define V, = 50-; . According to (19), the time derivative

of V, is
v, =0,6

y
=0,C[((A-LC)o+f(x,u)-f(%,u)+EA(x.u))-Ef |

73 (28)
<Jo. [Lict e (1 -Lc+7)+IcllE] ]-CEd]o, |

=[o, [[licl sl | -LC]+ 7) +[c] ] % - CEd |
Since it was shown that ”0‘” —0and d >d,, it can be readily seen that the last bracket of (28) becomes negative
and consequently V, <0 . Therefore, condition (22) ensures that the sliding surface o, =0 can be reached in

finite time and the switching condition occurs. O

3.2. Switching state
It is well known that the describing function (DF) of relay elements in the switching state can be obtained based
on its input amplitude and its d parameter [20]. Next, the DF for the relay element will be defined.

3.2.1 Relay model in the switching state
The relay element was defined in (4), where d is the relay gain and oy is the input defined in (5). As it will be

shown latter, the fast-mode dynamics of the observer is a linear system. The oscillating and high frequency part

of oy (t) can be presented as [20]

o, (t)=asin(Qt), (29)
where a and Q, are the amplitude and frequency of the limit cycle (or oscillations), respectively. Using the
Fourier transform, tr(t) can be presented as [20]

lT(t) =K,o,, (t) +K,asin (Qst) +K, a sin(ZQst) + e (30)
where K ,K_, K, , ... can be determined using the Fourier transform. Hence, & (t) can be written as

7 (t)=K,0,,(t)+ K0, (t)+N, (). 31)

s ys



where N, (-) is the modeling error. Since Q) is selected high enough in the design procedure and because most
systems in engineering applications act as low pass filters and in view of the fact that N, (-) contains signals with
frequencies larger than Q, , the effect of N,(-) in the estimated states can be ignored without any loss of

generality. Nevertheless, it will be considered in analysis.

Assumption 6: N, () is unknown but bounded and its norm can be presented as
IN.Ol < B0+ B0 (32)

where f, and 3, are positive constants and o, >a > "O'ys " .

Using (10), (31) can be written as
a(t)=K,Co,(t)+K,o, (t)+N, (), (33)

s ys

where K, and K, can be computed as [11, 20]

K,=2h) 20 (34)
oo |_ ma
Y 1y =0
K, = ﬂ . (335)
na

Hence, the relay element passes the slow-mode of signals with the gain K, and the fast-mode of signals with
the gain K_; i.e.
I, (t)=K,o, (1), (36)

s ys

I, (t)=K,Ce,(t). (37)

3.2.2 Observer structure in switching state
In order to derive the main results, first by considering two modes of signals in the switching state, let rewrite (8)

as

G, +6, = Ac, +1_&0'0+f(x0+xs,u)—f(f(0 +X,,u)+h(x, +x,,u)-ET, (38)

y

Figure 1. Block diagram of proposed observer.



where A = A —LC . Note that based on Remark 1, the main system signals with high frequency modes (i.e. x,)
can be eliminated from (38). Next, in the observer structure, the high frequency mode of estimated signals (X, )
is filtered if it is just used as states of a nonlinear function such as f(-) . This task changes the high frequency

mode of the proposed observer into a linear system and consequently properties of the high frequency mode of
the observer (such as the frequency and the relay equivalent gain), will obey linear relay feedback systems.
Figure 1 presents the block diagram of the proposed observer, in which LPF denotes a linear Low Pass Filter,

designed based on Remark 1.

Hence, (38) can be written as
6, +6,=Ac +Ac, +f(x,,u)—f(X,,u) +EA(x,,u)-Ed. (39)
Then, using (33)
6, +6,=Ac, +Ac, +f(x,,u)—f(%,,u)+EA(x,,u)-K ECo,(t)-K Ec, (t)-N,(-)E. (40)
Consequently, the estimation error dynamics of the observer can be decomposed into the fast and slow modes,

respectively, as
G, O, =(A—LC)6§ -K.Eo (t), (41)
Gy : 6, =(A-K,EC-LC)o, +f(x,,u)—f(X,,u)+EA(x,,u)-N,(-)E, (42)
where 6, and 6, are the observer error dynamics associated with the slow and fast modes, respectively. These
two dynamics need to be designed for different modes. For the slow mode, K, must be defined such that o,
becomes very small as t — oo . On the other hand, in the fast-mode, H( j Q) and L must be designed to provide
proper values for K, and in addition, the oscillation frequency becomes large enough. Moreover, to determine
the relay equivalent gains K, and K, (as it will be shown in Theorem 3) there is a tradeoff between better state

estimation and less sensitivity to the measurement noise.

3.2.2.1. Slow-mode dynamics of observer in switching state

Lemma 1 guarantees convergence of the error dynamics to the sliding surface, which in turn ensures occurrence
of the switching state. Then, in the switching state, as it was shown in (41) and (42), the observer structure

consists of two parts. In this section, K, is designed such that the slow-mode of the estimation error, i.e. 6, ,

has small amplitude.

Assumption 7: Let P, =P, be a positive-definite matrix and also L , E and K, be such that
(A—ECKn —LC)T P,+P/f (A—ECKn —LC):—Q2 43)
where A is the same as before and Q, is a positive-definite matrix.

Theorem 1: Consider the slow-mode of the observation error (42) and Assumptions 1--7. Then, the error

dynamics for the slow mode (6, ) is uniformly ultimately bounded. Moreover, this bound can be made small

enough.

Proof: Consider the following Lyapunov function:



1
V, = EGOT P o,

(44)
where P, is the same as defined in Assumption 4. The time derivative of (44) is
Vv, =-6,Q,6,+ (o, P,)(f (x,.u)—f(%,,u)+EA(x,,u))-K,0,” RLECs, - N, (-)(5,” PE)
< (Q 0ol + 7[Rl + LR E] | - K, 2y (N [N, () [ [PE] @
where matrix N was defined in Assumption 5. Using Assumption 6 and Young’s inequality
loul[IN. CYIPE]+ Z [P E]] <, 2,0, (P )] oo [ [E] + B2, ] + 2 ]
< BN Ao (P)+ o[ B2 [E] 7, 2 (P)+ 2] )
<o (3 1 () 3 [ Bl () F1ET
Using (46), (45) becomes
V, < [o,| +c, (47)
where ¢, = 2., (Q,)+ K, A (N) =7 |2 = B, [E] 2 (P, )_% and ¢, = %[gz B0 2 (B)+ 2 E[T -
Therefore, if K, designed such that the following inequality holds:
Poin (@) + K, Ay (N) 2 7 [P+ B, [E| 2, (P, )+§’ (48)
and defining the following compact set around the origin:
vi={oy| o[ e, @9)

it can be concluded that V, <0 when the error is outside of the compact set W . Hence, according to the
extension of the standard Lyapunov theorem [21], the error trajectory 6, is ultimately bounded. Moreover, this
bound can be made small using large values for ¢,. This can be accomplished by designing appropriate values

for the observer parameters such as K, and L. O

Remark 3: According to (49), by enlarging the equivalent relay gain K, and consequently ¢, , the compact set
Y becomes small. L.e., if K, becomes large enough, then the radius of the compact set becomes negligible or

o] — 0.

As it is clear from Theorem 1, in addition to vector L, K, also affects the dynamics of the slow-mode in the
switching condition. In the next sections, it will be shown that K, is a function of the amplitude and frequency

of oscillations. Hence, K, can be controlled by parameters of the fast-mode dynamics of the observer.

3.2.2.2. Fast-mode dynamics of observer in switching state
In Theorem 1, it was shown that the slow-mode of the observation error dynamics can become very small by the
appropriate design of matrix L and especially the gain of the slow mode ( K, ). In the followings, the fast-mode

of the observer in switching conditions is analyzed.



From (41) it can be shown that

sl Gro(s) Sro H(s) &

Figure 2. Fast-mode dynamics of observer

GFO

{c’;s =(A-LC)o, +E(-1,) 50)

o-FO = CGS
where oy, is the output of the fast-mode dynamics of the observer and —ii, , as shown in (36), is the input to the
fast-mode observer as well as the output of the relay element. Hence, G, can be represented as

v {Co, (1)} _Cx (s)
Gro ()= s-u() U, (s) 1)

where U, (s)=Z{u,(0)} and £ (s)= Z {6, (1)} .

The next proposition demonstrates the relationship between the input and output signals of the relay element in

the fast-mode in the frequency domain.

Proposition 2: Consider (18), (36) and (50). The relationship between the input and output of the relay element

in the fast-mode is

Yo, ) Z.(s) -
RROBIACHE Gro(s) H(s) (52)

where u; and oy are the input and output of the relay element in the fast-mode operation, respectively.

Proof: From (36) we have U, (s)=K, - {o,: ()} . Considering (18) and (51), it gives

2, (s)=CE (s)®(s)==U,(5)Gr(s) D(s). (53)
Hence, considering (7)
X,(s)_
T () ~Gyo(s) H(s), (54)

where 2, (8) / U,(s) is equal to the inverse of the transfer function of the relay element in the fast-mode

operation, i.e.1/K; . Therefore,

— =G, (j,) : (55)

K,

H(j2,)

This completes the proof. O

Figure 2 presents the fast-mode dynamics of the observer. On the other hand, using (34), (35) and (55), it gives
K,

1

= 56
2|GF0 (st) 0

H(j2,)




As it was shown in this section, the relay equivalent gain in the fast and slow modes can be regulated by the

appropriate structure design of linear systems G, (s) and H (s) and also by the frequency of oscillations Q, . In

other words, the larger| G, ()

|H(Q,)

, the smaller K, and K, . Based on Theorem 1, these parameters
directly affect the stability and the estimation error of the observer.
Equations (34), (35), (55) and (56) help the designer to determine K,,, K, and the frequency and amplitude of

oscillations, which will be considered in the following section.

Parameters Design
According to Proposition 2 and from the theory of self-oscillating adaptive systems, based on relay feedback
systems, H(s) can be designed such that the frequency of the oscillations (or the limit cycle) Q,, with the
following property [20]:

LGy (JQ)+£H (jQ,)=-180", (57)
can be controlled as desired. Moreover, the amplitude of oscillations in the fast-mode operation can be derived

using (35) and (55) as

4d .
a =7|GFO (i) . (58)

H ()

Since the amplitude of |GFO ( jQ)| is a decreasing function with respect to the frequency, larger selections of

Q, lead to smaller values for |GFO ( j Q)| and larger values for K, and K. Therefore, making the switching

frequency large enough and far enough from the bandwidth of the slow-mode of the observer has two benefits:
1) The oscillating mode of signals can be easily removed using a low-pass filter and 2) According to Theorem 1
and (56), in the switching state, the relay equivalent gain becomes large. Hence, the observer acts as a high gain
observers, which provides faster transient times and better disturbance rejections. This property moves the
observer closer to the ideal sliding-mode condition, where the switching frequency grows to infinite. The

following theorem shows conditions for the ideal sliding mode.

Theorem 2. If the transfer function W(s) is a quotient of two polynomials B, (s) and A, (s) of degrees mand n,
respectively, with non-negative coefficients, then for the existence of the ideal sliding mode, it is necessary that

the relative degree (n—m) of Wj(s) be one or two.

Proof: See [16].

Remark 4: According to Theorem 2, when condition (57) is not satisfied (i.e. when the relative degree of
Gro(s) H(s) is less than two, and for some systems with the relative degree equal to two), then the ideal sliding

mode occurs.

In the ideally sliding-mode condition, the switching frequency grows with no bound. However, in practice,
since the sampling time 7 is not zero, the switching frequency cannot be infinite. In this condition, the

oscillation frequency obeys the following equation [14, 16]:



LG (JO,)+ ZH (O, )+ Lexp(—jQ, 1) = -180° (59)
Therefore, it can be concluded that for systems in which Gro(s) H(s) satisfies the ideal sliding-mode condition,

the switching frequency grows to the largest possible switching frequency that it can be computed from (59).

Remark 5: According to the fast-mode dynamics of the observer Gpo , presented in (50), E and L should be

such that conditions given in Theorem 2 (i.e. conditions for the ideal sliding mode) are satisfied.

As it will be shown in Theorem 3, the oscillation frequency or relay equivalent gains should not be very large

to make the observer susceptible to measurement noises.

4. Noise Effect Reduction and Design of H(s)
In the last section, it was showed that G, (s) can be determined by vectors E and L. In this section, the effects
of the measurement noise on the estimated states are analyzed. Then, in order to suppress the measurement

noise, a procedure for the design of H (s), G, (s) and d will be given.

4.1. Noise effect analysis

Assume the system output in (1) is corrupted with measurement noise as
v, =Cx+o, (60)

where y, € R indicates the noisy output signal of the system and o € R is an additive bounded noise with

|a)|£x.

Theorem 3: Consider the system in (1), the input signal of the relay in (10) and (11) and the noisy system output

in (60). Then, increasing the amplitude of |GFO (J) |H (€, )| decreases the noise effect in the fast and slow-

modes of the input signal of the relay o, and hence, better estimation of states. Moreover, increasing the gain

of the relay element d has the same effect on the fast-mode dynamics.

Proof: First, the noise effect on the fast-mode of o, is analyzed. Let y, be in the frequency domain of the fast-

mode signals. Then, the fast-mode amplitude of (5) can be written in the frequency domain as

Iz, ()| =], (i2)-Y. (j2,)

=a, 61)
where a is the same as before (i.e. the amplitude of the input signal of the relay element), Y, (s) = 7 {y, (D}
and Y, (s) = 2/ {y,(1)}. Using (55), (5) can be written as

YV.(Q)=Y, (i) =K, G (i) H(Q) Z,,(J2,). (62)

Then, using (35) and (62), it gives
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) o) | |
Q)] | Y) . ad ., [ sd . . .
|Y;,(JQS)2+ 7GFO(JQS)H(JQS) _7|GFO(JQs)H(JQs)Y;(JQs)
(63)
Clearly, by selecting d and |GFO (J ) |H (j€)| large enough, it results that |Zys (j O, )/575 (j©,) ~1. This

means that the effect of the noisy output signal to the relay input signal (i.e. o, ) will be reduced. Similarly, for
the slow-mode domain, let assume y, be in the frequency domain of the slow-mode signals. Then, according to
(37--42) and (60), G, in presence of measurement noise becomes

Gy : 6, =(A-ECK, -LC)o, +f(x,,u)—f(X,,u)+EA(x,,u)-EN, (-)-K,Eo (64)
Hence, selecting K, small enough decreases the influence of the measurement noise in the slow-mode of the

observer.

H(j)

As a consequence, larger values for |GFO ( st) (or equivalently, smaller values for K, ) can

suppress the effect of measurement noise in the state estimation. This can be achieved by the appropriate design

of [H (<) O

Remark 6: Since Theorem 3 and Lemma 1 provide two different values for the amplitude of the relay gain (d),

the larger d should be selected, according to (63).

are desired in order to reduce the

H(j)

Remark 7: Based on Theorem 2, larger values for |GFO ( st)

effect of the measurement noise. However, according to (56) and Remark 3, this may yield longer transient times

and less robustness to disturbance rejection due to small values of K, . Therefore, the selection of the fast and
slow-mode gains ( K ;and K, ) is based on the tradeoff between the noise reduction and the robustness of the

observer.

This fact suggests the design of a variable relay equivalent gain technique, where the gain should be large in
order to obtain fast transient response and more robustness against disturbances. On the other hand, this gain
should become smaller for better noise reduction. The procedure for designing this variable gain will be given in

the following section.

4.2. Noise effect reduction using variable gain technique

This section provides a method that can help the sliding-mode observer to be less sensitive to the measurement
noise. The design is based on the idea that adding a zero to the G (j€2,;) makes its amplitude larger in the
switching mode, which in turn makes the amplitude of the gain K, smaller (according to (56)). It is important to
note that according to Theorem 2, adding a zero to the H (s) brings the observer closer to the ideal sliding-mode

conditions. In order to design a variable equivalent gain for the relay, consider the following structure for

H(jQ)



H(jQ)=(1+ayjQ), (65)
wherey is a positive constant and « >1 is a variable parameter, which will be defined later on. The amplitude

and the phase angle of H (jQ) are
|H(jQ) =1+ (ar Q) (66)
ZH (]Q) =tan"' (a;/Q). (67)
According to (66), the amplitude of H ( jQ) varies proportionally with « . Therefore, according to (55) and
(56), increasing a decreases K, and K; and vice versa.

As it was mentioned before and according to Remark 7, larger values of |H ( j Qs) makes the observer less

sensitive to the measurement noise but incurs more state estimation errors, and vise versa. Hence, y and o must

be defined such that K, is not too large and not too small.

Design of y

On one hand, y must be selected such that K, is large enough to have fast response and better disturbance
cancellation; this case corresponds to the minimum value of a (i.e. @y, =1). On the other hand, y must be
selected such that K, is small enough to have less sensitivity to the measurement noise, based on Theorem 3;

this case corresponds to the maximum value of « .

Design of a
According to Theorem 1 and based on the inverse relationship between o and the relay equivalent gains in the
fast and slow-modes (i.e. K, and K, ), o must be equal to one to provide a high equivalent gain for the relay
when the estimation error is significant. This will provide better performance for the state estimation and the
disturbance rejection. Therefore, the minimum value of « is equal to one. On the other hand, when the estimation
error is small enough, a must become larger to reduce the relay equivalent gain and consequently making the
observer less sensitive to the measurement noise. It should be noted that a should not be very large since it
makes K, very small, which leads to slower tracking of the system states. Based on these points, a proper
candidate for determining o is proposed as follows:
0.5

JFed

where X is the upper bound of the norm of measurement noise. In (68), when the input signal of the relay

afo,,)=1+ (68)

y0

element (o,,) changes from X to 0.2% , « increases from 1.05 to 1.33, respectively. Consequently, K,

decreases from KO\/1+(;/Q)2 /\/1+(1.05;/Q)2 to K, \/1+(;/Q)2 /\/l+(l.35yQ)2 , respectively, where K, =K,
for o« =1. Figure 3 shows (68) for X =0.2. The amplitude of K, decreases when the estimation error (o, ) is

significant with respect to the measurement noise (i.e. when oy = X ). Hence, when oy, (i.e. the input signal to



relay element or the estimation error of system’s output in the slow mode) becomes small, K, and K, decrease
in order to have less sensitivity to the input measurement noise.
Based on the above discussions, the following criteria are proposed for the Variable Relay-Equivalent Gain

(VREG) technique:

e v is selected such that the amplitude of oscillations a (corresponding to o, =1) is approximately equal
to 0.75% .

® .. isselected such that the amplitude of oscillations is approximately equal to 1.5% .

max

Remark 8: In (65), and based on the above procedure, y is determined for Q =€Q_, where Q_ is designed high
enough and far from bandwidth of the system (€, ). Hence, y will be a small constant, which in turn gives

small values for ay jQ in (69) for Q <Q, . Hence, for Q< Q, , we have H (jQ)=~1, which satisfies (7).

5. Application to Bioreactor

In this section, the performance of the proposed observer is illustrated using a typical bioreactor with biomass
production and substrate concentration which belongs to the class of (1). The state equations of this bioreactor
are [22, 23]

%, (t) _ HpX (t)Xz (t)

- K, x, (t)+x2 (t) - Dx, (t)

Xz(t)z : ‘ule(t)Xz(t))"'(sf_Xz(t))D

Yy K, x, (t)+ X, (t

(69)

where the specific growth rate is assumed to follow the Contois model, x, is the biomass concentration, x, is
the substrate concentration, s, is the inlet substrate concentration, D is the dilution rate, K, is the reaction
constant, Yis the yield of cell mass, and u,  is the maximal specific growth rate. It is assumed that the biomass
x(t) is measurable on line by a biosensor [24].

Farza et al. have shown that this system is observable [25]. In practice, p, and K, may be uncertain and
time-varying. Hence, let u=p’ +d,(t) and K, =K° +d,(t), where u’ and K are the known nominal

parameters, respectively, and di(f) and d,(f) are model of the bounded additive time-varying parametric

uncertainties, respectively. Hence, based on (1), the uncertain system is defined as

%, (r):%_ml (t)+ M (xt),

%, (1) =_$%+(5f —xz(t))D—%M(x,t)

wx () wx(0)x ()
Kmxl(t)+X2(t) K,?,Xl(t)+xz(t)

The goal is to design a sliding mode observer based on (3) to estimate the process states in presence of the

where M (x,t)= is the unknown function.

measurement noise and model uncertainties using the method developed in this paper.



In addition, the model and observer simulations have been carried out using a constant input substrate

concentration and dilution rate. The parameter values used in simulations are as follows:

py =1h", K} =1,Y =1, D=05h", s, =5 g1, d, =0.1sin(1.5x¢t) , d, =0.05sin(xt).
With these parameters, the uncertainty function M (x,t) is shown in Figure 4. The feedback gains (using the
pole placement technique) are L =[2 —1]", which satisfies conditions (21) and (48). Then, according to Lemma
1 and Theorem 3 the amplitude of the relay gain is d =50.
The initial states of the system and the observer are selected as x(0)=[1 1] and %(0)=[0 0.5]", respectively.
In order to show the fast switching property of the proposed method (Remark 5) E and L should be such that
Gro(s) is stable and its relative degree is less than two. This provides the highest possible switching condition
or the ideal sliding-mode condition. Since E=[1 —-1]" then it gives Gyo(s)=1/(s+2.5), which has the
relative degree of one with stable eigenvalue. Hence, the ideal sliding-mode occurs.
By selecting the sampling time equal to 7 =1x10™*s and considering (59), the switching frequency and the
period of oscillations will be equal to Q; =15700 rad/s and 27/Q; = 4x10™* s, respectively. In this condition

according to (56), the equivalent gain of the relay in the slow-mode of the proposed observer becomes

1 1
" 2|G (JQ)|[H ()  2x(0.0006382)x1
Based on (58), the amplitude of oscillations is
4d . . 4x50x0.0006382
a=7|GFO(]Qs) H(jo,)|= . =0.0041.

Since the frequency of oscillations €_ is selected high enough, a simple low-pass filter can easily reject high

frequency signals. The selected low-pass filter is
G (s) = l/(0.0073s + 1)(0.00735 + l) .

Figure 5 shows simulation results for o, . As this Figure indicates, the period of oscillations and a are equal to

4x10™*s and 45x10™, respectively, which confirms the values obtained from the equations.

Next, the effect of measurement noise on the state estimation is analyzed. The measurement noise is a white

noise with uniform distribution in [-0.2, 0.2]. Hence, the bound of the measurement noise is equal to ¥ =0.2.

To improve the estimation accuracy in presence of the measurement noise, the proposed VREG technique,
discussed in section 4.2, is applied here.

Figure 6 shows performance of the proposed method in noise reduction for state estimations for two cases: 1)
Estimation using the conventional sliding mode observer with fixed relay equivalent gain, which is equal to

K, =7834 (i.e. the same value that was used in the first part of simulations). This property is common with all

conventional sliding-mode observers, where researchers use a relay element, 2) Sliding mode observer using the
VREG technique with ¥y =2x10” and o =1+ (l/e‘o“’y“‘) .
As it was discussed before, in VREG technique, K, is large when the estimation error is considerable and small

when the estimation error is small. This property provides faster convergence of the estimation error and less

sensitivity to the measurement noise as compared to the conventional sliding-mode observer.



Figure 7 shows the input signal of the relay element (o, ) using the conventional sliding-mode observer (i.e.
with fixed gain) and the VREG technique in presence of the measurement noise. This figure shows that VREG
technique provides less sensitivity to the measurement noise in the input signal of the relay element. That is, the
oscillation frequency is fixed and is not affected by the noise. Figure 8 shows variations of a in VREG

technique.

time(s)

T
l
2

time(s)

Figure 5. Signal o, using conventional sliding mode observer
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Figure 6. x,(t) and x,(t) in presence of measurement noise
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Figure 7. Input signal of the relay o s in presence of measurement noise



time(s)

Figure 8. Variation of o using VREG technique

6. CONCLUSION

Designing a relay based sliding-mode observer was introduced in this paper. This observer uses the high gain
property of the sliding-mode observer before the switching occurs in order to have fast response and also
providing conditions for reaching the sliding surface. Then, in the switching state, signals are decomposed into
the slow- and fast-modes. The main contribution of this paper is that it provides a method for analysis of the fast
and slow-modes of signals in the switching condition for nonlinear sliding-mode observers. Moreover, it gives
the relationship between these modes. In the slow mode, a method is proposed such that the high-gain observer
properties are obtained in order to reject this mode. In addition, the fast mode is designed such that 1) the relay
equivalent gain provides conditions for good tracking and stability in the slow mode and 2) the frequency of
oscillation becomes high enough such that it can be rejected by a simple low pass filter. Furthermore, sensitivity
of the observer against the measurement noise was analyzed and it was showed how it can affect the frequency
and amplitude of oscillations. At the end of this paper, a variable relay equivalent gain (VREG) technique was
proposed to give the observer faster response and less sensitivity to the measurement noise. Simulation results on
a bioreactor process showed that the proposed technique provides good tracking and better noise rejection as

compared to the fixed equivalent gain technique, which is used in conventional sliding-mode observers.
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