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Abstract 

Direct Yaw moment Control systems (DYC) can maintain the vehicle in the driver’s desired path by 
distributing the asymmetric longitudinal forces and the generation of the Control Yaw Moment (CYM). In 
order to achieve the superior control performance, intelligent usage of lateral forces is also required. The 
lateral wheel forces have an indirect effect on the CYM and based upon their directions, increase or 
decrease the amount of CYM magnitude. In this paper, a systematic and applicable algorithm is proposed to 
use the lateral force in the process of Yaw controlling optimally. The control systems are designed based on 
the proposed algorithm. This system includes Yaw rate controller and wheel slip controllers which are 
installed separately for each wheel. Both of the mentioned control systems are designed on the basis of the 
Fuzzy logic. Finally, the capabilities of the proposed control systems are evaluated in a four wheel drive 
vehicle, for which, the traction of each wheel can be controlled individually. It is shown that considering 
the lateral force effect offers significant improvement of the desired yaw rate tracking 

Keywords: Yaw rate control; Wheel slip ratio; Fuzzy logic; Control yaw moment; Lateral force; 

1. Introduction

One of the most important safety factors in vehicle 
is its predictable and stable behavior. The vehicle 
which is moving on slippery roads does not properly 
respond to the drivers command and its behavior is 
not predictable since the quick saturation of lateral 
forces is involved. In this case, vehicle handling 
behavior is not predictable, and vehicle becomes less 
responsive to the driver steering input. As a result, 
various active safety control systems have been 
actively studied and developed in the last three 
decade, including Active Front Steering system 
(AFS), Rear Wheel Steering system (RWS), 4 Wheel 
Steering system (4WS), and Direct Yaw moment 
Control system (DYC) which are currently being used 
in the market.   

     In these systems, Yaw rate and/or side slip 
angle are regarded as the control variables. The DYC 
system which is also known as ESP, VDC and etc is 
the most outstanding sample among the mentioned 

systems. This system controls the Yaw rate and/or 
side slip angle through the asymmetric distribution of 
longitudinal forces. This approach was first suggested 
by Matsumoto et al. [1] and then was developed by 
many other researchers [2-5]. 

     The researches on the development of the 
active safety systems can be categorized as follows: 
Some of them have considered the Yaw rate as the 
main control variable and adjusted the Yaw rate using 
DYC systems [6,7]. Some others have only 
considered the side slip angle as control variable and 
have developed the DYC system in order to adjust it 
[8,9]. Another category controls both Yaw rate and 
side slip angle using one control input [10-13]. Here it 
is important to note that from the theoretical point of 
view, the simultaneous controlling of two variables 
requires the application of two control inputs [14,15]. 
Many researchers have considered this point and have 
applied the DYC system in an integrated way with 
different kinds of other active safety systems such 
AFS [16-18]. But, we should bear in mind that the 
deviation of side slip angle from the permitted 
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boundaries occurs most often in low friction 
coefficient. Considering the tire behavior, the lateral 
wheel forces are saturated quickly on such roads. 
Consequently on slippery roads, active safety systems 
which use the lateral forces in vehicle controlling, can 
not be relied upon to be used as helping systems to 
DYC. Therefore, the simultaneous yaw rate and side 
slip angle controlling on low friction coefficient roads 
is still regarded as a challenging task.  

      In this paper, the DYC system has been 
specifically designed to adjust the vehicle yaw rate. 
On the other hand, the tire capacity to generate the 
control yaw moment has been increased by 
continuous attempts.  

    Recently, optimizing tire usage has been 
brought about as a necessity and has attracted many 
researchers including: Peng and Hu proposed an 
algorithm for the optimal distribution of longitudinal 
forces to obtain maximum acceleration and 
deceleration [19]. Tavasoli and Naraghi presented an 
optimum tire force distribution method in order to 
optimize tire usage and found out how the tires should 
share longitudinal and lateral forces to achieve a 
target vehicle response [20].    

    It has been noted that the DYC system can 
oriented the direction of the vehicle to the driver’s 
desired direction using asymmetric longitudinal force 
distribution on the sides of the vehicle and the 
generation of the Control Yaw Moment (CYM). As a 
result, the longitudinal wheel forces are the essential 
means in the process of yaw control. Note that the 
lateral wheel forces have an indirect effect on the 
CYM and based upon their direction, increase or 
decrease the amount of CYM magnitude. We can 
neglect the above mentioned fact on dry roads but it 
can not be ignorable any more on slippery roads. On 
low friction coefficient surfaces, the dynamic power 
of the vehicle to generate the CYM is limited. 
Therefore, in these situations, the control system must 
be capable to utilize the maximum capability of 
vehicle to generate the yaw moment. Consequently, 
an appropriate control system needs to handle the 
lateral force effect on the CYM. However, in the 
previous researches, this fact has not been considered 
appropriately.   

Therefore, in this paper a systematic and 
applicable algorithm is proposed to use the lateral 
force in the process of Yaw controlling optimally. 
The fuzzy control systems are designed based on the 
proposed algorithm and finally the capabilities of the 
proposed control systems is evaluated in a four wheel 
drive vehicle. 

One of the most important safety factors in vehicle 
is its predictable and stable behavior. The vehicle 
which is moving on slippery roads does not properly 

respond to the drivers command and its behavior is 
not predictable since the quick saturation of lateral 
forces is involved. In this case, vehicle handling 
behavior is not predictable, and vehicle becomes less 
responsive to the driver steering input. As a result, 
various active safety control systems have been 
actively studied and developed in the last three 
decade, including Active Front Steering system 
(AFS), Rear Wheel Steering system (RWS), 4 Wheel 
Steering system (4WS), and Direct Yaw moment 
Control system (DYC) which are currently being used 
in the market.   

     In these systems, Yaw rate and/or side slip 
angle are regarded as the control variables. The DYC 
system which is also known as ESP, VDC and etc is 
the most outstanding sample among the mentioned 
systems. This system controls the Yaw rate and/or 
side slip angle through the asymmetric distribution of 
longitudinal forces. This approach was first suggested 
by Matsumoto et al. [1] and then was developed by 
many other researchers [2-5]. 

     The researches on the development of the 
active safety systems can be categorized as follows: 
Some of them have considered the Yaw rate as the 
main control variable and adjusted the Yaw rate using 
DYC systems [6,7]. Some others have only 
considered the side slip angle as control variable and 
have developed the DYC system in order to adjust it 
[8,9]. Another category controls both Yaw rate and 
side slip angle using one control input [10-13]. Here it 
is important to note that from the theoretical point of 
view, the simultaneous controlling of two variables 
requires the application of two control inputs [14,15]. 
Many researchers have considered this point and have 
applied the DYC system in an integrated way with 
different kinds of other active safety systems such 
AFS [16-18]. But, we should bear in mind that the 
deviation of side slip angle from the permitted 
boundaries occurs most often in low friction 
coefficient. Considering the tire behavior, the lateral 
wheel forces are saturated quickly on such roads. 
Consequently on slippery roads, active safety systems 
which use the lateral forces in vehicle controlling, can 
not be relied upon to be used as helping systems to 
DYC. Therefore, the simultaneous yaw rate and side 
slip angle controlling on low friction coefficient roads 
is still regarded as a challenging task.  

      In this paper, the DYC system has been 
specifically designed to adjust the vehicle yaw rate. 
On the other hand, the tire capacity to generate the 
control yaw moment has been increased by 
continuous attempts.  

    Recently, optimizing tire usage has been 
brought about as a necessity and has attracted many 
researchers including: Peng and Hu proposed an 
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algorithm for the optimal distribution of longitudinal 
forces to obtain maximum acceleration and 
deceleration [19]. Tavasoli and Naraghi presented an 
optimum tire force distribution method in order to 
optimize tire usage and found out how the tires should 
share longitudinal and lateral forces to achieve a 
target vehicle response [20].    

    It has been noted that the DYC system can 
oriented the direction of the vehicle to the driver’s 
desired direction using asymmetric longitudinal force 
distribution on the sides of the vehicle and the 
generation of the Control Yaw Moment (CYM). As a 
result, the longitudinal wheel forces are the essential 
means in the process of yaw control. Note that the 
lateral wheel forces have an indirect effect on the 
CYM and based upon their direction, increase or 
decrease the amount of CYM magnitude. We can 
neglect the above mentioned fact on dry roads but it 
can not be ignorable any more on slippery roads. On 
low friction coefficient surfaces, the dynamic power 
of the vehicle to generate the CYM is limited. 
Therefore, in these situations, the control system must 
be capable to utilize the maximum capability of 
vehicle to generate the yaw moment. Consequently, 
an appropriate control system needs to handle the 
lateral force effect on the CYM. However, in the 
previous researches, this fact has not been considered 
appropriately.   

Therefore, in this paper a systematic and 
applicable algorithm is proposed to use the lateral 
force in the process of Yaw controlling optimally. 
The fuzzy control systems are designed based on the 
proposed algorithm and finally the capabilities of the 
proposed control systems is evaluated in a four wheel 
drive vehicle. 

2. Dynamic Modeling 

2.1. Vehicle model  

     The vehicle model used in this paper is a 14 
DOF model shown in Fig. 1. Six degrees out of the 14 
DOF are devoted to the sprung mass and the 
remaining 8 degrees belong to wheel rotation speed 
and unsprung masses vertical displacement.  

The equations of motion for this model are 
derived as: 

Longitudinal motion 

prlprrpflpfrt FFFFrvqwum +++=−+ )( &                                                                                                       (1)  

Lateral motion 

Vertical motion 

Roll motion 

Pitch motion 

3. Yaw motion  

Where p  is the roll rate (ϕ& ),  q  is the pitch rate (
θ& ) and r  is the Yaw rate (ψ& ). The terms piF  and hiF  
are the respective tire forces in the x  and y  
directions, which can be related to the longitudinal 

and the lateral tire forces: 
 
The steer angle of the thi  wheel iδ  is assumed to 

have the following relationships: 
,fflfr δδδ ==
            0== rlrr δδ         (8) 

The rotational motion of each wheel is represented as: 

The equations of motion for the suspension model 
are derived from Fig. 1(b) as follow: 
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2.2. Tire model 

     A part from aerodynamic forces, all the forces 
influencing the vehicle are created on the contact 
surface between the tire and the road. Hence, in the 
vehicle dynamic behavior simulation, the nonlinear 
tire behavior is considered as one of the most 
effective factor. Consequently, in this paper, the 2002 
magic formula model version as the most perfect tire 
model has been used [21]. In this model, the 
combined slip situation was modeled from a physical 
viewpoint. 

 
 

Fig1. Vehicle and tire model 

 
2.3. Driver Model 

     Active safety systems are continuously 
involved with the driver and the general vehicle 
performance is not only reliant on the active safety 
system design but also on its interaction with the 
driver. On the other hand, no equation can visualize 
the human brain complexity. However, some 
researchers have proposed driver models. It seems 
that the preview tracking model [22] is more similar 
to what happen in reality. Therefore, this model is 
used in this paper to evaluate the control systems 
performance in an exact and doubtless manner. Based 
on the schematic of the maneuver task geometry 
which is shown in Fig.2(a), the following equation 

has been extracted for the driver applying steering 
angle: 
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    According Eq.1 the above model is described 
through three parameters: Distance to target point aL , 
steer angle gain steerK  and delay time dt . In this paper, 
the delay time is considered as a fixed parameter and 
its amount as reflecting the conducted research is 
0.2[23]. The main issue in this model is the 
determination of aL  and steerK  which lead to an 
optimization problem. The performance index of the 
optimization problem is defined in proportion to the 
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requirement while driving and by considering 
dominate physical limitations as reflected in Eq. 18. 

  As a result the aim of solving the problem is to 

find aL  and steerK to minimize the PI . In Eq.18 ey
indicated deviation from the desired path and is 
certainly the most important term of the Performance 

Index. So 1q  weights more than the other two
parameters. The second term of the Performance 
Index somehow portray the driver’s physical activity 
while driving. Adding the preceding term to the target 
function causes the steering wheel angle to be 
accessible. The third term of the target function both 
indicates the driver’s mental activity and leads to the 
generation of a moderate curve for the steer angle. 

   To complete the optimization problem, it is 
required to define a constraint. Considering the driver 
limited eyesight, for aL  the following constraint is 
proposed 

mLa 20<    (19) 

   To solve the above problem, it is necessary to 
define a desired path. In this paper double lane 

change maneuver according to standard No. ISO/TR 
3888:1975 has been selected. To find the unknown 
parameters, the genetic algorithm is used. In Fig.2 (b) 
the block diagram of the optimization problem has 
been shown. 

The results read as follows: 

169.19 , 385.0 a == LKsteer  
In the simulation section, the driver’s response is 

evaluated with and without control. 

2.4 Model Validation 

The dynamic responses of the vehicle model that 
include yaw rate, side slip angle and roll angle can be 
validated using experimental results which are 
available in Ref. [24]. Comparisons between 
simulation responses of the developed model and test 
results for the double lane change manoeuvre 
conducted at 80 km/h are shown in Figure 3. Clearly, 
the responses of the model exhibit well match with 
the test result.   

Fig2.  (a)Geometry of desired path tracking by driver (b) Block diagram of the driver 
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Fig3. Model validation results 

3. Physical Consideration 

3.1Yaw rate control through the longitudinal 
forces 

In vehicle lateral motion control, vehicle yaw rate 
is known as one of the most important variable. There 
is a desired amount for this variable the 
approximation of which equals the provision of the 
desired behavior expected by the driver. Hence the 
aim of the control system is to minimize the error 
between the yaw rate )(r and desired amount )( dr . The 

variable dr as reflecting Eq.(20) is defined based on 
the driver’s steer angle )( fδ  and longitudinal velocity
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Vehicle yaw control system makes the yaw rate 
closer to its desired value through asymmetric 
longitudinal force distribution. Consequently a 
Control Yaw Moment (CYM) is generated and the 
vehicle is oriented toward the desired direction. In 
Fig.(4), a vehicle in over steer situation is shown. In 
this figure, the forces applied to the vehicle during the 
control system activation are schematically depicted.  

Clearly, the further the distance of yaw rate from 
its desired value, a bigger control yaw moment is 
required. Therefore the control system applies more 
traction/braking torque to the wheels as the error 
amount increases so that the increasing of slip ratio 
causes a larger longitudinal force and leads to 
stronger control yaw moment. But, taking the 
following point into account is of importance: 

     According to Fig.5 (a), because of the 
nonlinear nature of the tire, when the tire reaches the 
point maxλ , the increased applied torque to the tire does 
not enlarge the longitudinal force and therefore the 
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control system gains a reverse conclusion. 
Consequently the control system must be designed in 
a way that restricts the applied torque to the tire after 
the diagnosis of the above mentioned circumstances 
and cause the tire not to enter the area with the 
descending slope of the longitudinal force. 

Of course, maxλλ < , has been regarded as the
stable area of operation and the maintaining of the 
wheel slip ratio in this region has been brought about 
as one of the main principles. To meet this important 

demand, two main approaches are taken into 
consideration. In some researches, slip ratio 
controllers are installed for each wheel to maintain 
the slip ratio of the wheel in the stable region [25]. In 
some other systems, a specific bound for the traction/ 
braking torque has been considered so that the applied 
torque to the wheels is not allowed to depart [16].  In 
this case, the latter approach does not seem very 
exact. 

Fig4. Schematic of forces applied to the vehicle during the control system activation 

Fig5. (a)longitudinal force )( xiF , lateral force )( yiF and the defined moment )( ciM respect to wheel slip ratio, (b) Tire lateral force respect to 
wheel slip angle

3.2 Yaw Rate Control as Considering The 
Lateral Forces Effect 

In the previous section, the nonlinear shape of the 
longitudinal force was considered to be one of the 
main principles in the Yaw rate controlling. The 
important point which has not been seriously 
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considered is that the lateral force has an indirect 
effect on the CYM and depending on its direction, 
increases or decreases the CYM. This fact in ideal 
conditions such as driving on a dry road is negligible 
but cannot be ignored on slippery roads.  The less the 
road friction coefficient, the less the dynamic power 
of the vehicle in generating CYM. In this situation, 
the control system should be designed in such a way 
that makes the most usage of the vehicle dynamic 
capacity. 

     According to Fig.4, depending on the lateral 
force direction, it increase or decreases the CYM. The 
direction and magnitude of the lateral force relies on 
the wheel slip angle as shown in Fig.5(b). In Fig.4, 
for all wheels the slip angle was supposed to be 
negative. The positive/negative definition of the slip 
angle is carried out based on the SAE standard. In 
addition, the traction-braking torque applied to the 
wheels through the control system has an effect on the 
lateral force from a quantitative perspective. Hence, 
as shown in Fig.5(b), through the application of this 
torque and the increasing of wheel slip ratio, the 
lateral force is decreased.  

     The above mentioned points are used in 
investigating an approach to the appropriate 
distribution of the traction/braking torque on the 
wheel. For this purpose, CYM ( cM ) is decomposed as 
follows: 

 

                            (21) 

That ciM ),,,( rlrrflfri =  indicates the share for 
each wheel in cM  generation. Considering the steer 
wheel angle and self-aligning torque as small in 
amount, and also placing the center of gravity on the 
geometric center, we can come up with the following 

ciM general equation: 

22
LFTFM yixici ±+=

           (22)
 

Bear in mind that the positive/negative signs in 
Eq.22 are not defined in relation to any coordinate 
system but are respectively indicative of the 

increasing/decreasing effect of the forces on the 
CYM. Therefore the longitudinal force is shown by 
the positive sign and the lateral force dependent on 
slip angle appears with the positive or negative sign. 
Based on Eq.22 the two following situations are 
defined while the consideration of them leads to the 
extraction of optimal control strategies: 

Situation 1: Lateral Wheel Force with Positive 
Effect on CYM 

The following relation is the dominate equation in 
this situation. Here the lateral force maintains the 
CYM. 

Now, the question is how to make an optimal 
decision? 

In answering this question, we should be aware 
that the control system conducts its responsibilities 
through CYM generation. Therefore, the optimal 
decision is the maintenance of slip ratio in the ciM

ascending band not in the longitudinal force 
ascending band proposed in section (3-1). In Fig. 4(a), 
longitudinal force )( xiF , lateral force )( yiF and the 
defined moment in Eq.23 )( ciM are depicted as a 
function of λ . The maximum CYM is generated in 
the optimal slip ratio )( optλ . In other words, increasing λ  
to maxλ leads to the lose of generated yaw moment with 
the amount of lostM∆ . Hence the control system must be 
designed in a way that maintains the slip in optλλ <  
area if the positive effect of lateral force on the 
control process is diagnosed. We should consider that 
the decreasing of road surface friction coefficient 
causes the optλ to be moved and get closer to zero. 
Consequently the amount of optλ  in different road 
friction coefficients is determined and registered in 
Table 1. 

 

 

 
Table 1: Optimum wheel slip ratio in different road conditions 

١ 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 µ  
0.12 0.11 0.10 0.08 0.07 0.06 0.05 0.04 0.03 0.02 

optλ
 

 

 

22
LFTFM yixici ++=           (23)

crlcrrcflcfrc MMMMM +++=
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Situation 2. Lateral Wheel Force with Negative 
Effect on CYM 

The dominate equation for this situation is defined 
based on the following Eq.24. 
 

22
LFTFM yixici −+=

                                                 (24) 

 

The control approach is to decrease the amount of 
the negative term (lateral force) remarkably. This idea 
equals the increasing of the slip ratio to the spinning 
or locking area. The above mentioned statement is 
rejected from a practical viewpoint and is in contrast 
to the main governing constraint. (Slip maintenance 
in the stable region is the main governing constraint). 
In this situation, the slip controller of each wheel 
allows λ  to reach boundary of the stable region )( maxλ , 
if it diagnoses the negative effect of the lateral force 
on CYM. 

 

3.3. Switching Function  

     Based on the conducted analysis, it is 
necessary to define a new parameter for the 
distinction of the lateral force effect on the CYM. To 
reach this aim, all possible situations should be 
carefully studied and comprehensive approach should 
be extracted as reflecting the observation. In Fig.6, all 
possible situations as related to the turning motion 
and the control system activation are depicted. These 
situations are divided on the basis of positive or 
negative T∆ . According to this figure in each 
situation the lateral force of each wheel is depicted on 
both possible directions to cover all the probabilities. 

The switching function η  is introduced as Eq.25 
after the close examination of the situation include in 
Fig. 6,  

ii T αη .∆=                                                         (25) 

In this equation iα  indicates slip angle of 
thi  

wheel and T∆  is the output of the yaw rate controller. 
Based on the following model the positive or negative 
effect of the lateral force on the CYM is recognized 
as reflecting the positive or negative sign of the 
switching function: 

I. In front wheels ),( flfri = : 

If we have  ii 0>η  )0( ii <η  so the result is 
decreasing (increasing) the CYM 

II. In rear wheels ),( rlrri = : 

 
If we have ii 0<η )0( ii >η so the result is decreasing 

(increasing) the CYM 
Therefore the switching function is defined as a 

new input for the control system. According to the 
analysis, the permitted region of the slip ratio for each 
wheel is determined based on the η  sign. In addition 
the friction coefficient must also be included in the 
definition of this region. 

4. Control System Design 

   Based on the preceding material, the structure of 
the proposed control system is chosen according to 
Fig.7. This system includes Yaw rate controller, 
wheel slip controllers which are installed separately 
for each wheel. Both of the mentioned control 
systems are designed on the basis of the Fuzzy logic.  

The aim of the Yaw rate controller is to reduce the 
error between Yaw rate and its desired value. The 
output of this controller is the differential torque 
applied to the wheels. Then through the activation of 
the control system the longitudinal forces of both 
sides of the vehicle are generated in opposite 
direction. The final result of these forces is the CYM 
which minimizes the Yaw rate error. According to the 
principles in section 3, the slip controller maintains 
the slip ratio in the region where the CYM can be 
maximized. 

 

4.1Yaw Rate Controller Design 

     This controller adjusts the vehicle Yaw rate 
through corrective yaw moment generation by 
distributing the traction and braking forces on the 
wheels. Yaw rate error is defined according to Eq. 26. 

rre dr −=                                                         (26) 

Quantity re  and its derivation re&  are defined as the 
control system inputs. The output of this controller is 
the differential torque T∆  applied to the wheels. The 
rule based of this controller is shown in Table 2. By 
using the input and output scaling factor defined for 

re  and re& , all the membership functions related to re , 
re&  and T∆  have been normalized between [-1 1]. 

The input and output scaling factors are selected as 
considering dynamic system limitations and trial and 
error to reach the most desired performances. 
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Fig6. Two general situations in vehicle cornering during activation of the control system 

 

 

 

 

Fig7. Block diagram of the proposed DYC system 
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Fig8. Fuzzy logic yaw rate controller 

 

Table 2: Fuzzy rules for yaw rate fuzzy controller 

 

4.2 Wheel slip control system design  

Based on the principle approach in section (3-2), 
the main objective of the wheel slip controller is to 

maintain the λ  in the optimal slip region ( optλλ < ). 
The region is separately defined for each friction 
coefficient. Thus, the proposed slip controller should 
be able to maintain λ in variable region by 
considering different road conditions and the sign of 
the switching function. To reach this goal, a fuzzy 
controller with a variable input scaling factor is 
proposed.  

In Fig.9 the block diagram of the slip controller 
system is shown. Slip ratio and its variation are 
defined as the controller inputs. The output of the 

controller called “gain updating factor” ( iρ ) which is 
always between 0 and 1. The rule base of the slip 
controller is shown in Table 3. It can be easily 
inferred from the table when the magnitude of the slip 
ratio becomes large, the gain updating factor becomes 
small (near zero). By using this procedure, the wheel 

torque ( iT ) is moderated before applying to the 
electric motor to maintain the slip ratio within the 
optimum region. 

The membership function of the slip ratio, change 
of slip ratio and the updating factor ρ , are depicted in 
Fig. 10. The optimum region has been highlighted in 
Fig.10 (a). In order to keep the slip ratio close to its 
optimum quantity, the membership functions become 
narrow in this region.  
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Fig9. Wheel slip controller 

 

 

 

 

Table 3: Fuzzy Rules for Wheel Slip Controller 

 

The role of λK  in fuzzy logic slip controller 
system has been shown in Fig .10(a). It can be easily 
seen that the input scaling factor of λK  and the set of 
linguistic terms are equivalent to the set of linguistic 
terms with universe of discourse between λK

1
[−  ]

1

λK . 
Therefore at any moment, the input scaling factor λK , 
for each wheel is adjusted on-line according to the 
sign of the switching function iη  and the estimated 
friction coefficient of the road µ̂ . The values of λK  are 
defined in Table 4 based on the optimum wheel slip 
ratio registered on Table 1 and the sign of the 
switching function. 

      The sign of the switching function is a key 
factor in definition of the input scaling factor. The 
switching function sign is defined according to wheel 
slip angle and the controller output. During the 

maneuver the switching function sign variation is 
continuously possible due to noise contaminations. 

5. Simulation and evaluation of the control 
system 

   In this section, computer simulations are 
conducted to evaluate the control systems. For this 
purpose the vehicle response is evaluated on the basis 
of lane change and slalom maneuvers. After the close 
examination of the system response from different 
aspects, we can make an appropriate decision. The 
principal approach in this paper is the optimal tire 
lateral force usage in controlling the vehicle yaw rate 
which is considered as the main factor in the 
simulation process. 
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Fig10. Membership function of (a) λ , (b) λ∆ , (c) ρ  

 

3-a Front Wheels slip controller 

µ̂  

η 

0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1  

0≥η 1 1 1  1 1  1  1  1  1  1  

0<η 10  6.6 5 4 3.3  2.85 2.5 2  1.8 1.67 

 
3-b Rear Wheels slip controller 

µ̂  

η 

0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1  

0≤η 1 1 1  1 1  1  1  1  1  1  

0>η 10 6.6 5 4 3.3  2.85 2.5 2  1.8 1.67 

 
Table 4. Input Scaling Factor on different road friction coefficient and positive/negative switching function  
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5.1. Lane change maneuver on a slippery 
road 

In this maneuver, the vehicle runs with the initial 
speed of 80 kilometers an hour on a completely 
slippery road and then at the first second, steer angle 
is applied as shown in Fig.11. The road friction 
coefficient is around 0.2 which is assumed accessible 
for the control system. In Fig.11, vehicle yaw rate and 
side slip angle response are shown. The figure 
indicates the control system performance in desired 
yaw rate tracking while the uncontrolled vehicle 
responds in an unstable maneuver. Furthermore, in 
the controlled situation, side slip angle is remarkably 
limited; though it is a little bit far from its desired 
value which is usually defined as zero value. We are 
making an attempt to adjust the side slip angle using 
another appropriate control input.  

The strategy offered in this paper has played a 
significant role in tracking the desired Yaw rate 
which is to be confirmed as we move on: 

 
 
 

 
According to Fig.12, the applied torque to the 

wheels is both appropriate in shape and has an 
accessible amount. The maximum required torque 
which does not go beyond 250 N.M can be provided 
by common actuators. It is clear that both driving and 
braking torques are used to generate the CYM. 
Consequently, both traction and braking forces are 
developed on wheels. This task can be performed by 
using electric motors on wheels to generate individual 
wheel torque.   

In Fig.13, the meaningful variations of the very 
important quantity of this paper; that is the scaling 
factor is shown. Considering the factors influencing 
the definition of this quantity and the fact that the 
main part of the maneuver is done between the first to 
third seconds, we can justify that the system 
diagnoses the decreasing effect of the front wheel 
lateral forces on CYM. Input scaling factor has the 
least possible amount; that is one. Based on the same 
process, we can recognize the increasing effect of the 
rear wheel lateral force on CYM.  
 
 

 

 
Fig11. Yaw Rate and side slip angle response 
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Fig12. Applied torque to the wheels 

 

 

 

 
 

Fig13. Input scaling Factor of slip controllers
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Fig14. Slip ratio of wheels 

In Fig. 14, the direct effect of the scaling factor 
variation on the permitted region of slip ratio is 
clearly observed. The front wheel slip ratio is 
permitted to go up to 0.2 so that the related lateral 
forces are reduced to the most possible amount and 
their negative effects are decreased. The rear wheels 
function in a reverse manner. In these wheels, wheel 
slip scaling factor increase to 7 to maintain the wheel 

slip in narrow band (That is 7
2.0

). Furthermore, the 
wheel lateral forces are optimally used. 

    It is necessary to make a comparison to 
understand the continuous variation effects on the 
system performance in a better way. Therefore, the 
proposed systems response is evaluated against two 
systems with fixed scaling factors. According to Fig. 
14, input scaling factor varies between 1 to 7. So for 
system Type (1), the input scaling factor for all 
wheels is supposed to be 7 and for system Type (2) it 
is supposedly 1.  

In Fig. 15 the response of these two control 
approaches in tracking desired Yaw rate is shown. We 
can observe that in the first part of the maneuvers, the 
desired yaw rate tracking is satisfactory conducted. 
However, at the beginning of the second part of the 
maneuver both approaches failed to track the desired 
value. The wheel slip ratio and tire lateral force in 
these three approaches are shown in Fig 16. In system 

Type (2), the slip ratio of each wheel is permitted to 
increase by 0.2 while in system Type (1), the slip for 
all the wheel is restricted in a narrow  band because of 
the rather large scaling factor. The effect of the slip 
ratio variations on tire lateral forces has been clearly 
shown. The proposed algorithm has diagnosed the 
negative effects of the front wheel lateral forces on 
the CYM generation in some parts of the maneuver. It 
has also allowed then to be saturated. On the other 
hand in system Type (1), the four wheel lateral forces 
are maintained as reflecting the selected input scaling 
factor while in system Type (2) four wheel lateral 
forces are saturated.  

The points made before are confirmed through the 
comparison of the three approaches in the yaw 
moment generation. In Fig. 17, the generated Yaw 
moment of the lane change maneuver is compared in 
the three new approaches. In the proposed approach, 
in critical situation, the vehicle has been able to 
generate greater yaw moment than the Type1,2 while 
they all have the same dynamic capacity. In Fact, the 
main reason for the failure of systems Type 1 and 
Type 2 in pursuing desired yaw rate is the shortage in 
generating sufficient Yaw moment. However the 
proposed approach has succeeded in satisfying the 
desired control requirement through the application of 
all the dynamic capacities.  
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Fig15. Yaw rate response for 3 mentioned approaches 

Fig16. Slip ratio and lateral force of wheels 

Fig17. Generated yaw moment by proposed DYC and Type 1,2 
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Fig18. Vehicle trajectory 

Fig19. Vehicle responses at the slalom maneuver 

Fig. 18 indicated the path of the vehicle in the lane 
change maneuver. The vehicle has been guided in the 
appropriate path using the proposed approach. In 
approach Type 1 and 2 it is necessary for the driver to 
make a lot of effort to return the vehicle to the desired 
path. 

5.2 slalom maneuver on slippery roads 

This maneuver resembles the previous one in 
terms of conditions. The vehicle runs with the speed 
of 80 kilometers per hour and then the steer angle 
whose curve is shown in Fig.18 applied at the first 
second. In Fig.19, the desired yaw rate tracking of the 
four situations without control, the proposed approach 
and systems Type 1 and 2 have been compared. In the 
initial parts of the maneuver all three approaches, 
have tracked the desired yaw rate, but at the end of 

the maneuver the system require a larger yaw 
moment. In this case, only the proposed approach has 
been able to track the desired value appropriately.  

In Fig.20 wheel slip ratio and Lateral tire force 
have been compared for the three approaches. Wheel 
slip ratios are almost the same to the end of the 
maneuver, but at the end of the maneuver some 
differences arise. As expected, in physical limit of 
adhesion, slip ratio of Type2 is permitted to grow up 
to the bound of the stable region while slip ratio of 
Type 1 is imprisoned in a narrow region. The slip 
ratio related to the proposed approach is constantly 
maintained in the appropriate region. In fact these two 
new figures imply that the proposed approach shows 
more capabilities as the maneuvers gets harder. In the 
physical limit of adhesion, it seems that the front 
wheel lateral force have a negative effect on the 
CYM. The proposed approach recognizes the event 
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and allows the wheel slip ratios to go up. Thus, the 
front wheel lateral forces are saturated and their 
negative effects on the CYM are mitigated 

All the facts are confirmed through the 
comparison of the generated CYM in the three control 
approaches. According to Fig.21, at the final period of 
the maneuver the proposed approach has generated a 
greater yaw moment than the conventional 
approaches and therefore comes up with a move 
appropriate desired yaw rate. 

5.3. The improvement of the control system 
based on the simulation results 

In the two previous sections, the proposed 
approach was evaluated in two rather hard maneuvers 
and it was confirmed. However this approach has two 
weak points as follows:  

A- It is required to define the friction coefficient 
of the road in the proposed approach. The 
estimation of road friction coefficient is an 
expensive and complicated process. The 
friction coefficient estimation depends on the 
side slip angle determination of the vehicle. 
Measuring the side slip angle is carried out 
through GPS based sensors or development of 
another estimator both of which add to the 
expense and complexity of the control 
system. 

B- In the proposed approach, switching function 
was introduced, whose positive or negative 
sign is a key factor in defining the input 
scaling factor. The switching function sign is 
defined according to wheel slip angle sign 
and the controller output. Furthermore, the 
estimated friction coefficient amount has an 
effect on the scaling factor from a quantitative 
viewpoint. During the maneuver the 

switching function sign variation is 
continuously possible and the estimated 
friction coefficient is contaminated with noise 
and disturbances. As a result the possibility of 
chattering input scaling factor is constantly 
existent. From a practical point of view, this 
is a remarkable weak point which must be 
corrected. 

The control system is modified as improving the 
mentioned weak points and on the basis of the 
simulation results as discussed in the previous 
section. Some graphs in simulations section help us in 
the creation of new control system with simpler 
structures. As in Fig.16 and Fig.20, in lane change, 
slalom maneuver, the rear wheel slip ratio of the 
proposed system is willing toward Type 2. The front 
wheel slip ratio is also willing toward Type 1. The 
wheel lateral force variations also follow the same 
pattern in the three control approaches. So, we can 
hypothesize that:  

     "The front wheel lateral forces constantly 
decrease the CYM during different maneuvers. On 
the contrary, the rear wheel lateral forces increase the 
CYM as the same time". 

To improve the proposed systems, we should omit 
the switching function from the control system. 
Taking the importance of the complete usage of 
dynamic capacity on slipping roads into account, we 
can define the input scaling factor for the front and 
rear wheels as 1 and 7 respectively as the fixed 
values. Once more, we conduct the lane change 
maneuver using the 2nd proposed system to compare 
its results with the previous ones. According to the 
Fig.22, we can see that the second proposed system is 
successful in tracking the desired Yaw rate and its 
response equals the first proposed system. The 
generated CYM is also equal for two control 
approaches. 

Fig20. Wheel slip ratios responses 
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Fig21. Generated yaw moment by proposed DYC and Type 1, 2 

Fig22. Vehicle Yaw rate response and generated Yaw moment for the 2nd proposed approach 

5.4 Single lane change maneuver at the 
presence of the driver 

The difference between this maneuver and the 
previous ones is the consideration of the driver 
dynamics while driving. The model presented in the 
section 2 is used for this purpose. The desired path for 
the single lane change test is shown in Fig.23. The 
vehicle runs with the speed of 80 kilometer per hour 
on a snowy road. As shown in Fig.23, the vehicle 
motion without control seems completely unstable. 
On the contrary, the proposed control system 

stabilizes the vehicle motion and driver simply guides 
the vehicle in the desired path. 

In Fig. 24 vehicle responses are compared in 
control and without control situations. In both 
situations the positive control system effects on the 
vehicle behavior are clearly observed. Not only does 
DYC system control the vehicle behavior, but it also 
plays an important role in reducing the driver’s 
physical activities.  This is reflected in Fig.24. The 
driver applies a smaller and more moderated steer 
angle than the uncontrolled situation as the control 
system is added.   
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Fig23. Desired path for single lane change and vehicle path 

 

 

Fig24. Vehicle responses in single lane change maneuver

Conclusion  

The optimal usage of lateral forces in yaw rate 
controlling has been examined in this paper. The 
proposed control system aimed at maximizing the 
Control Yaw Moment (CYM) through consideration 
of lateral forces effect on CYM. Specifically, the 
following have been achieved in this paper: 

A switching function to recognize the positive or 
negative effect of each wheel lateral force on CYM 
has bee introduced. The sign of the switching function 
has been defined for the slip controller to maintain the 
slip ratio in a region where the CYM can be 
maximized. The significant improvement of the 
control system in tracking the desired yaw rate has 
been shown in the simulation section. 

  Two weak points of the control system have been 
recognized. Then, based on the weak points, the 

control system has been modified to provide a simpler 
and more applicable structure.  

  The control system has been also evaluated at 
presence of the developed driver model in a single 
lane change maneuver. The simulation results show 
that not only the system controls the vehicle behavior, 
but it also plays an important role in reducing the 
driver’s physical activities. 
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Notations 

siC              Damping coefficient of Suspension

tiC               Damping coefficient of tire

fr               Front right wheel 
fl                 Front Left wheel 
rr                Rear right wheel 
rl                 Rear Left wheel 

niF               Tire normal force

xiF               Tire longitudinal force

yiF               Tire lateral force

ziF     Suspension force applied to unsprung mass

ztiF    Tire force applied to unsprung mass
g                 Gravity acceleration  
h                Height of CG 

xxI      Moments of inertia of total Vehicle about X axis

yyI      Moments of inertia of total Vehicle about Y axis

zzI       Moments of inertia of total Vehicle about Z axis

sxxI     Moments of inertia of sprung mass about X axis

syyI    Moments of inertia of sprung mass about Y axis

szzI     Moments of inertia of sprung mass about Z axis

wI      Moments of inertia of wheels

siK   Spring constant of Suspension

tiK               Spring constant of tire

usK               Understeer gradient

rfL ,    Distance of the CG from Front/Rear axle

L                    Vehicle wheel base 

sm                  Sprung mass

tm                  Vehicle total mass 

uim                 Unsprung mass

ziM                Tire self-aligning torque
p                    Roll rate 
q                    Pitch rate 
r                    Yaw rate 

effR                Effective radius of wheel

iSL                 Static load of tire 

rf TT ,            Front and Rear Track width

NiT                Applied torque to the wheel

pedalT    Driving or braking torque applied by the driver

u                   Longitudinal velocity 
v                    Lateral velocity 
y                   Vehicle lateral displacement 

dy                  Desired path

ey                  Deviation from the desired path

id                   Vertical displacement of the wheels 
w                   Vertical velocity 

CGZ                Vertical displacement of CG

iZ    Vertical displacement of sprung mass corner 

uiZ                 Unsprung mass displacement

siZ                 Height variation of Ground surface

iα                   Wheel slip angle 

T∆                  Yaw rate controller output 

fδ                   Front steering angle 

ϕ                     Roll angle 

iη                     Switching function 

iλ                     Wheel slip ratio 
µ                      Friction coefficient of road 
θ                       Pitch angle 

iω                     Rotational speed of wheel 
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