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heuristic methods, meta-heuristics and etc. were 

offered by many researchers. 

Most of the researches done in the field of facility 

location problems have been formed on a primary 

assumption. This assumption is that the facilities 

are always available and they are completely 

reliable (they would never fail). In this paper we 

have ignored of this default assumption and try to 

design a reliable network where the facilities are 

unreliable. This problem called the “reliable 

facility location” problem. The reliable facility 

location problems are located in a class of 

location problems with uncertainty. The 

uncertainties in facility location problems can be 

generally classified into three categories: 

provider-side uncertainty, receiver-side 

uncertainty, and in-between uncertainty. The 

provider-side uncertainty may capture the 

randomness in facility capacity and the reliability 

of facilities, etc.; the receiver-side uncertainty can 

be the randomness in demands; and the in-

between uncertainty may be represented by the 

random travel time, transportation cost, etc [3]. 

The reliability facility location model is one of the 

provider-side uncertainty problems that was first 

studied by Snyder and Daskin [4]. They explained 

that in reality, facilities may fail from time to time 

due to poor weather, labor actions, changes of 

ownership, or other factors. Such failures may 

lead to excessive transportation costs as customers 

must be served from facilities much farther than 

their regularly assigned facilities [4]. They have 

raised the reliability of location network by 

allocation of backup facility to each client. For 

this purpose, they have presented a linear model 

for choosing facility locations to minimize cost, 

while also taking into account the expected 

transportation cost after failures of facilities. The 

objective function of their model was a two-part 

objective function including the cost of pre-fail 

and post-fail and it was minimized by Lagrangian 

relaxation solution method. In this paper, if a 

facility fails, the failure costs include the clients 

transfer cost to other active facilities or penalty 

cost resulting from non-fulfillment of clients 

demand. In other words, at the time of the failure 

the decision maker chooses one of these cost (the 

transfer cost or penalty cost), by creating a 

balance between them. 

After Snyder and Daskin, other researchers began 

to investigate the reliable facility location 

problems. Number of related researches is very 

limited since the history of issue is less than a 

decade. Thus, it looks that further investigations 

in this area is essential. Berman et al. [5] 

developed a p-median problem with unreliable 

facilities which is focused on finding m facility 

locations to minimize the expected sum of the 

weighted travel distances from demands 

originating at customer locations to the closest 

operating facility. They also assumed that the 

probabilities of facilities failure are the same 

similar to Snyder and Daskin [4]. They have 

developed several exact and heuristic solution 

approaches to solve model. Cui et al. [6] proposed 

a compact mixed integer programming (MIP) 

formulation and a continuum approximation (CA) 

model to study the reliable uncapacitated fixed 

charge location problem which seeks to minimize 

initial setup costs and expected transportation 

costs in normal and failure scenarios. The CA 

model predicts the total system cost without 
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details about facility locations and customer 

assignments, and it provides a fast heuristic to 

find near-optimum solutions. They solved the 

MIP model by a custom-designed Lagrangian 

Relaxation (LR) algorithm. Their computational 

results showed that the LR algorithm is efficient 

for mid-sized reliable uncapacitated location 

problems. They also illustrated that the CA is a 

suitable alternative to the LR algorithm for large-

scale problems. Li and Ouyang [7] studied the 

reliable uncapacitated fixed charge location 

problem where facilities are subject to spatially 

correlated disruptions that occur with location-

dependent probabilities. They also developed a 

CA model to minimize the sum of initial facility 

construction costs and expected customer 

transportation costs under normal and failure 

scenarios. Shen et al. [3] formulated this problem 

as a two-stage stochastic model and then as a 

nonlinear integer programming model. They 

provided a 4-approximation algorithm while 

assumed the probability of a facility failure is 

constant and independent of the facility. An et al. 

[8] proposed a set of two-stage robust 

optimization models to design reliable p-median 

facility location networks subject to disruptions. 

They analyzed structural properties of the 

problem and applied the column-and-constraint 

generation method with customized enhancement 

strategies.  

Wide researches have been done in facility 

location problem with capacity constraint (see for 

example [9] and [10]). But common point of all 

researches done in the field of reliable facility 

location problems is that all of them investigated 

the problems with uncapacitated facilities pattern. 

Although the assumption itself is very common in 

the facility location models, it may be unrealistic 

in practice. There is no facility with infinite 

capacity in fact. The uncapacitated facilities 

pattern is true when that the amount of demands is 

very small respect to the quantity supplied. This 

condition is also economically not accepted. Few 

researches have been done in the capacitated 

reliable facility location problem. Aydin and 

Murat [11] developed a scenario based model and 

presented a novel hybrid method, swarm 

intelligence based sample average approximation 

(SIBSAA), to solve the capacitated reliable 

facility location problem. In the reliable 

capacitated facility location problem (RCFLP), if 

a facility fails, its next-level backup facility can 

accept the clients of failed facility only if it has 

sufficient capacity to satisfy the additional 

demand. The capacitated model is much more 

complex than uncapacitated model. In this paper, 

we added the facilities capacity constraints in the 

model. In the other words, the investigated 

problem is a reliable capacitated fixed charge 

location problem (RCFL). On the complexity of 

the reliable facility location problems, Li et al. 

[12] proved that a reliable uncapacitated fixed-

charge location problem (RUFL) is NP-Hard. 

Since the problem studied in this paper has more 

complexity than the RUFL problem due to adding 

capacity constraints, it can be concluded that the 

RCFL problem is NP-hard as well. 

To solve the model we have presented two 

powerful heuristic methods based on MINLP 

formulation that are called “relax and fix 

heuristic” and “relax and round heuristic”. To the 

best of our knowledge, the heuristic algorithm for 
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reliable facility location problem was only used 

by Shen et al. [3]. The literature on heuristic 

algorithms for facility location problems is 

extensive. However, these heuristic methods 

mainly dealt with deterministic problems. Shmoys 

et al. [13], Korupolu et al. [14], Mahdian et al. 

[15], Resende and Werneck [16], Du et al. [17] 

and Sinha [18] are some researchers that used the 

heuristic or approximation approaches for facility 

location problems in deterministic pattern.  

The use of heuristic or approximation methods to 

solve facility location problems with uncertainty 

is increasing recently. In receiver-side uncertainty 

class, Gabor and Van Ommeren [19] proposed a 

2-approximation algorithm for a facility location 

problem with stochastic demands and inventories. 

Murali et al. [20] proposed locate-allocate 

heuristic to solve capacitated facility location 

problem in order to maximize coverage, taking 

into account a distance-dependent coverage 

function and demand uncertainty. For in-between 

uncertainty class, Eiselt et al. [21] proposed a 

heuristic algorithm to optimally locate p facilities 

on a network where one link can fail. Their 

presented algorithm can solve optimality the 

problem in polynomial time.  

ReVelle et al. [22] presented a heuristic approach 

for discrete facility location problems where 

reliability and uncertainty are addressed by 

chance constrained covering and maximal 

expected covering models. 

The rest of this paper is organized as follows: In 

section 2, we formulate a reliability model based 

on MINLP mathematics model. We solve this 

model using two heuristic approaches in Section 

3. Section 4 provides the computation results, and 

finally Section 5 outlines the conclusion and some 

suggestions for future studies. 

 

2. The Problem Formulation 

So far, two common forms of modeling that 

presented for reliable facility location problem are 

the Scenario-based model and the failure 

probability-based model. In Scenario-Based 

model there is a finite set of scenarios, where each 

scenario specifies the set of operational facilities 

and happens with a specific probability [3].  

One of the major drawbacks of the Scenario-based 

model is that with the increasing number of 

possible scenarios the model becomes too 

complex to be solved. This situation is 

exacerbated when the failure probabilities are 

independent. So, the failure probability-based 

model can be a suitable alternative for Scenario-

based model.  

This form of modeling first presented by Snyder 

and Daskin [4] is based on independent 

probabilities of facilities failure (ݍ௝) whereas 

(0 ൑ ௝ݍ ൑ 1). Since then, the other researchers 

such as Shen et al. [3] offered different types of 

probability-based modeling.  

In this section, a new nonlinear integer 

programming formulation model based on failure 

probability pattern is presented. This model is an 

extension of Snyder and Daskin [4] model in 

which the capacity constraint is considered. 

Moreover, it is assumed that failure probabilities 

of the facilities are different and failure to meet 

the clients demand has been allowed by paying 

penalty costs.  

This model has two sub-problems including 

locating sub-problem and assigning sub-problem 
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while each sub-problem is introduced by 

individual decision variables. Before presenting 

the MINLP model, we introduce the notations of 

indices, parameters and variables that will be used 

throughout the model. 

 

The indices of the model are: 

݅ Index of clients 

݆ Index of potential facility locations 

 Index of multiple levels for allocation of ݎ

facilities to clients  

 The set of candidate facilities that may ܨܰ

not fail (“nonfailable” facilities) 

 

The parameters of the model are: 

௝݄ The facility cost to open facility j 

݀௜ The demand of client i 

ܿ௜,௝ The service cost if client i is serviced by 

facility j 

 ௝ isݍ) ௝ The probability that facility j failsݍ

equal to zero for ݆ ∈  (ܨܰ

 ௝ The capacity of facility jܤ

݃௜ The penalty for client i if its demands are 

not met 

ܴ The number of facilities that need to be 

opened 

 

The variables of the model are: 

 ௝ The binary variable that is equal to 1 ifݕ

facility j is opened; otherwise 0. 

 ௜,௝,௥ The binary variable that is equal to 1 ifݔ

demand client i is assigned to facility j in 

the ݎ௧௛  level assignment; otherwise 0. 

 ௜,௥ The binary variable that is equal to 1 ifݖ

client i has (r-1)th backup facility but has 

no rth backup facility; otherwise 0. 

 

The MINLP model: 

 

݉݅݊෍ ௝݄ݕ௝

௃

௝ୀଵ

൅෍෍෍݀௜ܿ௜,௝ݔ௜,௝,௥൫1 െ ௝൯ݍ

௃

௝ୀଵ	

ෑݍ௞
∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

ோ

௥ୀଵ

ூ

௜ୀଵ

൅෍෍ෑݍ௞
∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

݀௜݃௜ݖ௜,௥

ோାଵ

௥ୀଵ

௃

௝ୀଵ

 

 

(1) 

s.t.   

෍ݔ௜,௝,௥

௃

௝ୀଵ

൅ ෍ ෍ݔ௜,௝,௦

௥ିଵ

௦ୀଵ

൅

௃

௝ୀଵ	&	௝∈ேி

෍ݖ௜,௦

௥

௦ୀଵ

ൌ 1 ݅ ൌ 1,… , ;ܫ ݎ ൌ 1,… . , ܴ ൅ 1, (2) 

   

෍෍݀௜ݔ௜,௝,௥൫1 െ ௝൯ݍ

ோ

௥ୀଵ

ூ

௜ୀଵ

ෑݍ௞
∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

൑ ݆ ௝ܤ ൌ 1, … ,  (3) ,ܬ

   

௜,௝,௥ݔ ൑ ݆ ௝ݕ ൌ 1, … , ;ܬ ݅ ൌ 1,… , ;ܫ ݎ ൌ 1,… . , ܴ ൅ 1, (4) 

   

෍ݔ௜,௝,௥ ൑ 1

ோ

௥ୀଵ

 ݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  (5) ,ܫ
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෍ݕ௝ ൌ ܴ

௃

௝ୀଵ

  (6) 

   

௜,௝,ோାଵݔ ൌ 0 ݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  (7) ,ܫ

   

,	௜,௝,௥ݔ ,௝ݕ ௜,௥ݖ ∈ ሼ0,1ሽ ݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… , ;ܫ ݎ ൌ 1,… . , ܴ ൅ 1. (8) 

 

The relation (1) indicates the problem’s objective 

function, which comprises the sum of facility 

setup cost, expected service cost, and the expected 

penalty cost. Constraints (2) ensure that client i is 

assigned to a facility in level r or facility 

assignment is stopped in previous levels (levels 1 

to r-1) by assignment of a nonfailable facility or 

by paying penalty cost. Constraints (3) ensure that 

the expected demand that met by facility j is not 

larger than its capacity. Constraints (4) prevent an 

assignment to a facility that has not been opened. 

Constraints (5) prohibit the assignment of a 

facility to a client more than one time. Constraints 

(6) ensure that R facilities to be opened. 

Constraints (7) prevent the assignment of facilities 

to clients in level (R+1). Constraints (8) define the 

model variables. 

In the above formulation, solution space of the 

model can be linear by changing in constraints 

(3). With this change, we can greatly reduce the 

complexity of the model. For this purpose, it is 

necessary to replace the constraints (3) with the 

constraints (9) or (10). 

 

෍෍݀௜ݔ௜,௝,௥൫1 െ ௝൯ݍ

ோ

௥ୀଵ

ூ

௜ୀଵ

ቀݒܣ ௝݃ᇲୀଵ
௃ ௝ᇲቁݍ

௥ିଵ
൑ ௝ܤ െ ݆ ߝ ൌ 1, … ,  (9) ,ܬ

   

෍෍݀௜ݔ௜,௝,௥൫1 െ ௝൯ݍ

ோ

௥ୀଵ

ூ

௜ୀଵ

ቀݔܽܯ௝ᇲୀଵ
௃ ௝ᇲቁݍ

௥ିଵ
൑ ݆ ௝ܤ ൌ 1, … ,  (10) .ܬ

 

In constraints (9), the average of  ݍ௝	ሺ݆ ൌ 1,… ,  ሻܬ

were replaced as a suitable approximation to the 

failure probability of individual facilities. The ߝ 

value was added to the right of this relation to 

prevent from violation of the capacity levels. This 

value can be determined experimentally. This 

margin of safety was created in constraints (10) 

using maximum of ݍ୨	ሺ݆ ൌ 1,… ,  ሻ. Note that toܬ

determine the average or maximum values in 

constraints (9) and (10), the out-of-range 

probability values are ignored. 

 

3. The MINLP-Based Heuristic 

Methods 

Real-world MILP problems are computationally 

very complex; hence employing heuristic 

approaches is prevalent to tackle them. Heuristic 

methods are divided into two general categories: 
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(1) “Improvement Heuristics” that in which an 

initial solution is improved (2) “Constructive 

Heuristics” that build a solution, step by step, 

according to a set of rules defined before-hand. 

In this paper, two distinct Constructive Heuristics 

methods that called “relax and fix” and “relax and 

round” heuristics are developed. These methods 

are effective approaches to find feasible solutions 

for MILP or MINLP formulations. These methods 

have been described as follows:  

 

3.1- The “Relax and Fix” Heuristic 

The “relax and fix” heuristic is based on 

decomposing the original problem into subsets 

that can be solved more easily by an iterative 

pattern. In this paper, the original problem is 

divided into series of sub-problems consisting of 

earlier and later of backup levels for use of “relax 

and fix” heuristic. Next, this approach is 

implemented based on a detailed planning for 

Initial levels and macro planning for later levels. 

The quality of final solution and complexity of 

problem are influenced by the size and number of 

the sub-problems. 

In the proposed heuristics the main model is 

divided to R sub problems. Each sub problem is 

equivalent to an individual backup level in 

original model. Figure 1 shows how to implement 

the proposed heuristics in an iterative pattern. 

This approach starts from backup level 1 and 

continues until the last backup level (level R). 

This is due to the important and influence of 

decisions in initial levels rather than the higher 

levels. In other words, the cost of services and 

penalty in higher levels is very low due to 

sequential multiplying of facilities failure 

probabilities at each other. 

Three strategies include “freezing strategy”, 

“solving whole model” and “relaxation strategy” 

can be executed at per iteration. In the first 

iteration, the model related to the sub problem1 

(backup level 1) is considered as a whole and in 

the other sub problems (levels 2 to R), the 

relaxation strategy simplifies the model by 

relaxing binary variables including ݔ௜,௝,௥ and ݖ௜,௥. 

Similarly, in ݇௧௛ iteration, the freezing strategy is 

applied for sub problem ݇ െ 1. In freezing 

strategy, the value of binary variables in level 

݇ െ  are fixed based on the (௜,௞ିଵݖ ௜,௝,௞ିଵ andݔ) 1

result of solving the whole model in ሺ݇ െ 1ሻ௧௛ 

iteration. Also, the model related to the time 

interval ݇ is considered as whole model and the 

models related to sub problems ݇ ൅ 1 to ܴ are 

simplified according to the relaxation strategy. 

Note that the variable ݕ௝ in all iterations are 

exempted from relaxation or freezing strategies. 
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Fig. 1. Illustration of the proposed Relax and Fix heuristic in an iterative pattern 

 

3.1.1- The Constraints of New Model 

To implement the “relax and fix” heuristic, the 

constraints in the original model needs to be 

changed. The constraints of new model in the ݐ௧௛ 

iteration of heuristic are as follows: 

෍ݔ௜,௝,௥

௃

௝ୀଵ

൅ ෍ ෍ݔ௜,௝,௦

௥ିଵ

௦ୀଵ

൅

௃

௝ୀଵ	&	௝∈ேி

෍ݖ௜,௦

௥

௦ୀଵ

ൌ 1 ݅ ൌ 1,… , ;ܫ ݎ ൌ 1, … . ,  (11) ,	ݐ

   

෍ݔݔ௜,௝,௥

௃

௝ୀଵ

൅ ෍ ൭෍ݔ௜,௝,௦

௧ିଵ

௦ୀଵ

൅෍ݔݔ௜,௝,௦

௥ିଵ

௦ୀ௧

൱ ൅

௃

௝ୀଵ	&	௝∈ேி

෍ݖ௜,௦

௧

௦ୀଵ

൅ ෍ ௜,௦ݖݖ

௥

௦ୀ௧ାଵ

ൌ 1 

(12) 
 ݅ ൌ 1,… , ;ܫ  

ݎ ൌ ݐ ൅ 1,… . , ܴ ൅ 1	, 

෍൭෍݀௜ݔ௜,௝,௥

௧

௥ୀଵ

ቀݒܣ ௝݃ᇲୀଵ
௃ ௝ᇲቁݍ

௥ିଵ
൅ ෍ ݀௜ݔݔ௜,௝,௥

ோ

௥ୀ௧ାଵ

ቀݒܣ ௝݃ᇲୀଵ
௃ ௝ᇲቁݍ

௥ିଵ
൱

ூ

௜ୀଵ

൫1 െ ௝൯ݍ ൑ ௝ܤ െ  ߝ
(13) 

 ݆ ൌ 1, … , ܬ , 

   

௜,௝,௥ݔ ൑  ௝ݕ
݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  	;ܫ

ݎ ൌ 1,… . , ݐ , 
(14) 

   

௜,௝,௥ݔݔ ൑  ௝ݕ
݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  	;ܫ

ݎ ൌ ݐ ൅ 1,… . , ܴ ൅ 1	, 
(15) 

   

෍ݔ௜,௝,௥ ൅ ෍ ௜,௝,௥ݔݔ

ோ

௥ୀ௧ାଵ

൑ 1

௧

௥ୀଵ

 ݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  (16) ,	ܫ

   

. 

. 

. 

Iteration 1 

Iteration 2 

Iteration k-1 

Iteration k 

Level R-1 Level R Level r-1 Level r Level 1 Level 2 …. …. 

Development Planning 

Freezing strategy Solve whole model Relaxation strategy 
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௜,௝,ோାଵݔݔ ൌ 0 ݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  (17) ,	ܫ

   

0 ൑ ௜,௝,௥ݔݔ ൑ 1 and 0 ൑ ௜,௥ݖݖ ൑ 1 
݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  		;ܫ

ݎ ൌ 1,… . , ܴ ൅ 1 . 
(18) 

The constraints (2) of the original model are 

replaced by constraints (11) and (12) in the new 

model. Also, the constraints (3) are replaced by 

constraints (13); constraints (4) are replaced by 

constraints (14) and (15); constraints (5) are 

replaced by constraints (16) and constraints (17) 

and (18) are added to the new model. 

 

3.1.2- The New Objective Function  

The new formulation of objective function in ݐ௧௛ 

iteration of heuristic is equal to: 

݉݅݊෍ ௝݄ݕ௝
௝∈௃

൅෍෍෍݀௜ܿ௜௝ݔ௜,௝,௥൫1 െ ௝൯ݍ

௃

௝ୀଵ

ෑݍ௞
∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

௧

௥ୀଵ

ூ

௜ୀଵ

 

൅෍ ෍ ෍݀௜ܿ௜௝ݔݔ௜,௝,௥൫1 െ ௝൯ݍ

௃

௝ୀଵ

ෑݍ௞
∑ ௫೔,ೖ,ೞ
೟
ೞసభ ା∑ ௫௫೔,ೖ,ೞ

ೝషభ
ೞస೟శభ

௃

௞ୀଵ

ோ

௥ୀ௧ାଵ

ூ

௜ୀଵ

 

൅෍෍ෑݍ௞
∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

௧

௥ୀଵ

௃

௝ୀଵ

݀௜݃௜ݖ௜,௥ ൅෍෍ෑݍ௞
∑ ௫೔,ೖ,ೞ
೟
ೞసభ ା∑ ௫௫೔,ೖ,ೞ

ೝషభ
ೞస೟శభ

௃

௞ୀଵ

௧

௥ୀଵ

௃

௝ୀଵ

݀௜݃௜ݖݖ௜,௥	. 

 

(19) 

The remarkable point is that changing the 

objective function of the original model leads to 

increasing model complexity unlike the changing 

in the original model constraints. This is opposite 

of what we expect. Therefore, it is necessary to 

use a simpler form of the objective function. This 

issue is provided by offering a lower bound. 

Theorem: The optimal value of objective 

function (19) is bounded from below by relation 

(20). 

min෍ ௝݄ݕ௝
௝∈௃

൅෍෍෍݀௜ܿ௜௝ݔ௜,௝,௥൫1 െ ௝൯ݍ

௃

௝ୀଵ

௠௜௡ݍ
௥ିଵ

௧

௥ୀଵ

ூ

௜ୀଵ

൅෍ ෍ ෍݀௜ܿ௜௝ݔݔ௜,௝,௥൫1 െ ௝൯ݍ

௃

௝ୀଵ

௠௜௡ݍ
௥ିଵ

ோ

௥ୀ௧ାଵ

ூ

௜ୀଵ

 

൅෍෍ݍ௠௜௡
௥ିଵ

௧

௥ୀଵ

௃

௝ୀଵ

݀௜݃௜ݖ௜,௥ ൅෍෍ݍ௠௜௡
௥ିଵ

௧

௥ୀଵ

௃

௝ୀଵ

݀௜݃௜ݖݖ௜,௥	, 

 

(20) 

where: 

௠௜௡ݍ
௥ିଵ ൌ ݅ܯ ௝݊ୀଵ

௃  . (21)	௝ݍ

 Proof: To prove the above theorem, we must 

show the following statements are always true. 

௠௜௡ݍ
௥ିଵ ൑ෑݍ௞

∑ ௫೔,ೖ,ೞ
ೝషభ
ೞసభ

௃

௞ୀଵ

 ݅ ൌ 1,… , ;ܫ ݎ ൌ 1,… . ,  (22) ,	ݐ
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௠௜௡ݍ
௥ିଵ ൑ෑݍ௞

∑ ௫೔,ೖ,ೞ
೟
ೞసభ ା∑ ௫௫೔,ೖ,ೞ

ೝషభ
ೞస೟శభ

௃

௞ୀଵ

 
݆ ൌ 1, … , ;ܬ ݅ ൌ 1,… ,  	;ܫ

ݎ ൌ ݐ ൅ 1,… . , ܴ ൅ 1	. 
(23) 

To prove relations (23) and (24) it is assumed that 

there are ݊ backup facilities for ݎ௧௛  level of client 

݅. According to constraints (11) and (12), the 

maximum value of ݊ is equal to ݎ െ 1 (So, we 

have ݊ ൑ ݎ െ 1). We show these backup facilities 

by ݇ଵ, ݇ଶ, … , ݇௡ indices. It is clear that ݍ௠௜௡ ൑

ሺ݈	௞೗ݍ ൌ 1,… , ݊ሻ.Therefore, since 0 ൑ ௝ݍ ൑

1	ሺ݆ ൌ 1,… , ݊ ሻ andܬ ൑ ݎ െ 1 can be found that: 

∏ ௝ݍ
∑ ௫೔,ೕ,ೞ
ೝషభ
ೞసభ௃

௝ୀଵ ൌ ௞మݍ௞భݍ ௞೙ݍ	… ൒ ௠௜௡ݍ
௥ିଵ ,   and  

∏ ௞ݍ
∑ ௫೔,ೖ,ೞ
೟
ೞసభ ା∑ ௫௫೔,ೖ,ೞ

ೝషభ
ೞస೟శభ௃

௞ୀଵ ൒ ௞మݍ௞భݍ ௞೙ݍ	… ൒

௠௜௡ݍ
௥ିଵ		. 

 

The advantage of this lower bound is changing the 

MINLP model to the MILP model. 

 

3.2. The “Relax and Round” Heuristic 

The goal of rounding heuristics is to convert a 

fractional solution ̅ݔ of the system ݔܣ ൑ ܾ  ; 

݈ ൑ ݔ ൑  into an integral solution. The simple  ݑ

rounding heuristic is one of the conventional 

rounding heuristic. This heuristic uses the notion 

of up and down locks to determine if a rounding is 

possible. In simple rounding heuristic, rounding 

up a fractional solution ݖ௝ might violate the 

respective row ܽ௜
ݔ் ൑ ܾ  if ܽ௜,௝ ൐ 0 and rounding 

down of this fractional solution might violate the 

respective row ܽ௜
ݔ் ൑ ܾ  if ܽ௜,௝ ൏ 0 [23]. In this 

section we present the special rounding schema 

which guarantee to keep all linear constraints 

satisfied. So, first we need to relax the original 

model and solve it. The relaxation of problems is 

usually used to obtain lower bounds from 

complex problems, and also upper bounds by 

modifying the solution of relaxed problem. To 

implement the rounding heuristics for RCFLP, the 

 ௜,௥ variables are relaxed in first step andݖ ௜,௝,௥ andݔ

then rounded by an efficient heuristic. Before 

presenting the rounding scheme, we show that the 

following statement is true. 

 

Theorem: In optimal solution of RCLP for a 

client ݈ if there are two facilities ݆ and ݉ that 

௟,௝,௥ݔ ൌ ௟,௠,௥ାଵݔ ൌ 1 then ܿ௟௝ ൏ ܿ௟௠. 

 

Proof: We use the contradiction technique to 

prove the proposition. Suppose that in optimal 

solution ݔ௟,௝,௥ ൌ ௟,௠,௥ାଵݔ ൌ 1 and ܿ௟௝ ൐ ܿ௟௠. 

Then, the new value of objective function is 

considered by “swapping” the assignment of 

facilities ݆ and ݉; namely assignment of facility ݆ 

to level ݎ ൅ 1 and assignment of facility ݉ to 

level ݎ. We show the objective function value 

before and after the swapping by ଵ݂ and ଶ݂, 

respectively. The value of  ଵ݂ and ଶ݂ is equal to: 

 

ଵ݂ ൌ ෍ ௝݄ݕ௝

௃

௝ୀଵ

൅෍෍෍݀௜ܿ௜,௝ݔ௜,௝,௦൫1 െ ௝൯ݍ

௃

௝ୀଵ	

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

௥ିଵ

௦ୀଵ

ூ

௜ୀଵ

൅ ෍ ෍෍݀௜ܿ௜,௝ݔ௜,௝,௦ሺ1 െ ௝ሻݍ

௃

௝ୀଵ

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

௥ାଵ

௦ୀ௥

ூ

௜ୀଵ	&	௜ஷ௟
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൅݀௟ܿ௟,௝ݔ௟,௝,௥ሺ1 െ ௞ݍ௟ሻෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

൅ ݀௟ܿ௟,௠ݔ௟,௠,௥ାଵሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝ
೓సభ

௃

௞ୀଵ

 

൅෍ ෍ ෍݀௜ܿ௜,௝ݔ௜,௝,௦൫1 െ ௝൯ݍ

௃

௝ୀଵ	

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

൅෍෍ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

ோାଵ

௦ୀଵ

௃

௝ୀଵ

ோ

௦ୀ௥ାଶ

ூ

௜ୀଵ

݀௜݃௜ݖ௜,௦		. 

 

ଶ݂ ൌ ෍ ௝݄ݕ௝

௃

௝ୀଵ

൅෍෍෍݀௜ܿ௜,௝ݔ௜,௝,௦൫1 െ ௝൯ݍ

௃

௝ୀଵ	

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

௥ିଵ

௦ୀଵ

ூ

௜ୀଵ

൅ ෍ ෍෍݀௜ܿ௜௝ݔ௜,௝,௦ሺ1 െ ௝ሻݍ

௃

௝ୀଵ

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

௥ାଵ

௦ୀ௥

ூ

௜ୀଵ	&	௜ஷ௟

 

൅݀௟ܿ௟,௠ݔ௟,௠,௥ሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

൅ ݀௟ܿ௟,௝ݔ௟,௝,௥ାଵ൫1 െ ௞ݍ௝൯ෑݍ
∑ ௫೗,ೖ,೓
ೝ
೓సభ

௃

௞ୀଵ

 

൅෍ ෍ ෍݀௜ܿ௜,௝ݔ௜,௝,௦൫1 െ ௝൯ݍ

௃

௝ୀଵ	

ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

൅෍෍ෑݍ௞
∑ ௫೔,ೖ,೓
ೞషభ
೓సభ

௃

௞ୀଵ

ோାଵ

௦ୀଵ

௃

௝ୀଵ

ோ

௦ୀ௥ାଶ

ூ

௜ୀଵ

݀௜݃௜ݖ௜,௦		. 

 

The difference between the values of ଶ݂ and ଵ݂ is equal to: 
 

ଶ݂ െ ଵ݂ ൌ ݀௟ܿ௟,௠ሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

൅ ݀௟ܿ௟,௝൫1 െ ௞ݍ௝൯ෑݍ
∑ ௫೗,ೖ,೓
ೝ
೓సభ

௃

௞ୀଵ

െ ݀௟ܿ௟,௝൫1 െ ௞ݍ௝൯ෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

 

െ݀௟ܿ௟௠ሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝ
೓సభ

௃

௞ୀଵ

ൌ ݀௟ܿ௟௠ሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

൅ ݀௟ܿ௟௝൫1 െ ௞ݍ௝൯ෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

.  ௠ݍ

െ݀௟ܿ௟௝൫1 െ ௞ݍ௝൯ෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

െ ݀௟ܿ௟௠ሺ1 െ ௞ݍ௠ሻෑݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

.  ௝ݍ

ൌෑݍ௞
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

݀௟൫ܿ௟௠ሺ1 െ ௠ሻݍ ൅ ܿ௟௝൫1 െ ௠ݍ௝൯ݍ െ ܿ௟௝൫1 െ ௝൯ݍ െ ܿ௟௠ሺ1 െ  ௝൯ݍ௠ሻݍ

ൌෑݍ௞
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

݀௟൫ܿ௟௠ െ ܿ௟௠ݍ௠ ൅ ܿ௟௝ݍ௠ െ ܿ௟௝ݍ௝ݍ௠െܿ௟௝ ൅ ܿ௟௝ݍ௝ െ ܿ௟௠ݍ௝ ൅ ܿ௟௠ݍ௠ݍ௝൯ 

ൌෑݍ௞
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ

௃

௞ୀଵ

݀௟ ቀ൫ܿ௟௠ െ ܿ௟௝൯. ሺ1 ൅ ௝ݍ௠ݍ െ ௝ݍ െ  .		௠ሻቁݍ

 

Since ݉݅݊൫ݍ௠ݍ௝ െ ௝ݍ െ ௠|0ݍ ൑ ௝ݍ	&	௠ݍ ൑ 1൯ ൌ

െ1, the value of ሺ1 ൅ ௝ݍ௠ݍ െ ௝ݍ െ  ௠ሻ isݍ

positive. Moreover, ∏ ௞ݍ
∑ ௫೗,ೖ,೓
ೝషభ
೓సభ௃

௞ୀଵ ݀௟ ൐ 0 and 

൫ܿ௟௠ െ ܿ௟௝൯ ൏ 0. So, it can be concluded ଶ݂ ൏ ଵ݂. 

 

According to the above theorem, the pseudo-code 

of the proposed rounding heuristic in figure 2: 
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For   i=1 to I 

For   j=1 to J 

n=0; 

While  ∑ ௜,௝,௥ݔ ൐ 0௥∈ோ   Then 

n=n+1; 

௝ܴሺ݊ሻ ൌ ሼݔ|ݏ௜,௝,௦ ൌ ௥ୀଵோݔܽ݉     ௜,௝,௥ሽ   andݔ

௜,௝,௦ݔ ൌ 0; 

End while 

End for 

For   j=1 to J 

For m=1 to J 

IF ௝ܴሺ1ሻ ൌ ܴ௠ሺ1ሻ  Then  

IF ܿ௜௝ ൏ ܿ௜௠  Then 

ܴ௠ሺ1ሻ ൌ ሾ	ሿ;    Else   ௝ܴሺ1ሻ ൌ ሾ ሿ; 

End if 

End if 

End for 

௜,௝,ோೕሺଵሻݔ ൌ 1; 

End for 

End for 

Fig. 2. The pseudo-code of the proposed 
rounding heuristic 

 

4. Computational Results 

The performance of the proposed heuristic 

methods and the credibility and performance of 

the proposed mathematical model are evaluated 

and compared in this section. The proposed 

nonlinear integer programming models and two 

heuristic methods are coded in the GAMS 24.1.2 

and Matlab 7.10 software and solved on a PC with 

2.66 GHz processor and 4 G of RAM. The “Relax 

and Fix” and “Relax and Round” heuristics are 

noted by H1 and H2. Two Relative Percentage 

Deviation criteria that called RPD1 and RPD2 are 

used as performance measures which are 

calculated based on the deviation of solutions to 

the best solutions and average of solutions that 

achieved by mathematical model, H1 and H2. 

(Note that the index A denotes a solution method.)  

 

 

 

(25) 

 

1஺ܦܴܲ ൌ
ሺ݁ݒݐ݆ܾܿ݁݋	݊݋݅ݐܿ݊ݑ݂ሻ஺ െ ݁ݒݐ݆ܾܿ݁݋ሺ݊݅ܯ ሻ݊݋݅ݐܿ݊ݑ݂

݁ݒݐ݆ܾܿ݁݋ሺ݊݅ܯ ሻ݊݋݅ݐܿ݊ݑ݂
 

 
 

 

2஺ܦܴܲ (26) ൌ
ሺ݁ݒݐ݆ܾܿ݁݋	݊݋݅ݐܿ݊ݑ݂ሻ஺ െ ݁ݒݐ݆ܾܿ݁݋ሺ݃ݒܣ ሻ݊݋݅ݐܿ݊ݑ݂

݁ݒݐ݆ܾܿ݁݋ሺ݃ݒܣ ሻ݊݋݅ݐܿ݊ݑ݂
 

 

4.1. Generating Random Instances 

Since there is no benchmark for reliable facility 

location problems by capacity constraint and 

different probabilities of facilities failure, it is 

necessary to generate random instances. 

Therefore, several random instances are generated 

according to what is outlined in Table 1. The 

Snyder and Daskin [3] methods were used to 

generate the value of demands and fixed cost. 
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Tab.1. Simulation Parameters of Test Cases 

Parameter notation produced by 

The facility cost to open facility j ௝݄ ܷሾ500,1500ሿ and rounded to the 

nearest integer 

The demand of client i ݀௜ ܷሾ0,1000ሿ and rounded to the nearest 

integer 

The service cost if client i is serviced by facility j ܿ௜,௝ ܷሾ10,500ሿ and rounded to the nearest 

integer 

The probability that facility j fails  ݍ௝ ܷሾ0.05,0.45ሿ with two decimal places 

The capacity of facility j ܤ௝ normal distributions with  ߤ ൌ 5000 

and ߜ ൌ 1000 

The penalty for client i if its demands are not met ݃௜ normal distributions with  ߤ ൌ 1000 

and ߜ ൌ 150 

 

Besides, the value of R parameter was determined 

according to the instances size. Ultimately, 12 

random instances with the above conditions is 

generated and each instance is labeled with 

ሺߙ	,  ሻ, which respectively indicate the number ofߚ

candidate sites and number of clients. Both the 

solution quality and the efficiency of the proposed 

procedures depend on the size of these 

parameters. In order to determine the best trade-

off between algorithms’ speed and solution 

quality the runtime limit of 1800 seconds is 

imposed on the H1, H2 and MINLP models. This 

limit is increased to 3600 seconds for larger 

instances. 

 

4.2- Comparison and Evaluation of the 

Proposed Solution Methods 

In order to assess and contrast the performance of 

the developed heuristics and verification of 

mathematical model, 12 test problems were 

solved by them. The results were juxtaposed by 

results of MINLP model in Table 2. According to 

the RPD1 and RPD2 values, the performance of 

the proposed heuristics is clearly convincing and 

our computational experiments show that H1 and 

H2 heuristics are very effective. This assumption 

is valid in both quality of results (according to 

RPD1 and RPD2 criteria) and CPU time. 

The performance of H2 heuristic surpasses the 

other methods and the objective values of the 

heuristic H2 is less than those obtained by H1 and 

MINLP. By increasing the size of test problems 

the quality of H2 heuristic is increased; so that the 

average of RPD2 values for the first six test 

problems is equal to (-2.4%) and this value is 

equal to (-9.5%) for the second six test problems. 

Also, the H1 heuristic algorithm shows similar 

results; such that the average of RPD2 value for 

the first six test problems is equal to (1.1%) and 

this value is equal to (-4.0%) for the second six 

test problems. Furthermore, the performance of 

H1 in terms of CPU time shows that H1 is the 

superior method. The average of CPU time for H1 

heuristic is greater than 1605 while this amount is 

greater than 2480 and 2645 for H2 and MINLP 

model, respectively. 
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Figure 3 shows a comparison between H1, H2 and 

MINLP model in terms of RPD2 criterion. In this 

figure is clearly evident that the objective values 

of the proposed heuristics are below the average 

rate in most cases. This issue proves that there is a 

significant difference between the results of the 

proposed heuristics and MINLP model. Due to 

complexity of the model and its non-linear 

property, the performance of the proposed model 

deteriorates for problem scales larger than 

TP(30,50). This issue is confirmed by the 

convergence in RPD2 criterion for problems with 

larger scale (form TP(24,40) to TP(30,50)). 

 

RPD2 

 

 

Fig. 3. Comparing the RPD2 criterion of H1, H2 and MINLP model

 

5. Conclusion and Future Researches 

In this paper, we studied a combination of 

reliability concept into classical facility location 

problems. The main point that distinguishes this 

paper than the other related papers are (i) 

considering capacity constraint and (ii) the 

assumption that failable facilities all have the 

different probabilities. In order to formulate the 

problem, a new mixed-integer nonlinear 

programming (MINLP) model was proposed 

based on concept of model presented by Snyder 

and Daskin [3]. Key to this type of formulation is 

the concept of “backup” assignments, which 

represents the facilities to which customers are 

assigned when closer facilities have failed. The 

cost of facilities opening (fixed cost) and the 

expected transportation cost, taking into account 

the costs that resulted from facility failures 

(operational cost), were included in the objective 

function. Due to complexity of MINLP model, 

two different heuristic procedures (“Relax and 

Fix” heuristic and “Relax and Round” heuristic) 

based on mathematical model were developed. In 

general, as the computational results showed, the 

proposed heuristic methods were able to find 

efficient solutions. Since the lower bounds that 

provide the values much closer to the objective 

-15.0%

-10.0%

-5.0%
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function of the original model can create the 

better results, one suggestion for the future 

research can be the extension of the “Relax and 

Fix” heuristic by providing more powerful lower 

bounds.  
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