
  
  
  

Optim
Deci
with
Gam
 

Parinaz Es
 

Parinaz Esma
Morteza Rasti
Seyed Reza H
 

KKEEYYWWOORR
 

 
 
 

 

Today's bu
become mo
satisfaction 
survival in
coordination
order to inc
more comp
supply chai

**CCoorrrreessppoonndd
EEmmaaiill::  rraassttii@@
PPaappeerr  ffiirrsstt  rree
0066,,  22001166 
 

Three-leve
Advertising
Pricing,  
Game theo

pISSN: 20

IInntteerrnnaattiioo

mal 
sions
 Nash

mes 
maeili, Mor

aeili, Departme
i-Barzoki, Depa

Hejazi , Departm

RRDDSS            

1. Intro
usiness has 
ore competit

is one of 
n the mar
n is an imp
crease sales 
etitive. In th
in through th

          
ddiinngg  aauutthhoorr::  MM
@@cccc..iiuutt..aacc..iirr  
eecceeiivveedd  AApprr..  00

l supply chain
g,  

ry. 

IInntteerrnnaattiioonn

08-4889 

oonnaall  JJoouurrnnaall  ooff  II

Pr
s in 
h, Sta

rteza Rasti-B

ent of Industria
artment of Indu

ment of Industr

                  

oduction11  
rapidly cha

tive, so winn
the primary

rket [1]. S
portant issu
and profit a

his paper we 
he advertisin

                  
MMoorrtteezzaa  RRaassttii  BB

0088,,  22001155,,  iiss  aacc

n, 

nnaall  JJoouurrnnaall  oo

IInndduussttrriiaall  EEnnggiinn

ricing
a Th

acked

Barzoki*& S

al and Systems E
ustrial and Sys

rial and System

     ABSTR

Pricing a
supply ch
therefore 
considers
three-leve
retailer. T
advertisin
theory inc
exploited 
the supp
decisions 
retailer. A
mentioned
Nash gam
respective
Stackelbe
Stackelbe
highest pr
model wi
for profit 
 

 

nged and h
ning custom
y elements 
Supply cha

ue in SCM 
and help to 
coordinate t

ng and pricin

                 
BBaarrzzookkii  

cccceepptteedd  iinn  FFeebb

MMaarrcchh  220011

hhttttpp:://

ooff  IInndduussttrriiaa

nneeeerriinngg  &&  PPrroodduu

g a
hree-l
d ber

Seyed Reza

Engineering, I
stems Engineer
s Engineering,

RACT 

nd advertisin
hain manage

higher prof
s advertising
el supply cha
The amount 
ng. In this pa
cluding the 
to study the
ly chain. U
in each ca

Also, we co
d games. Th
mes have th
ely. The pri
erg game for
erg and Coop
rofit in the C
ll be presen
sharing.  

            © 2016

has 
mer 

of 
ain 
in 
be 

the 
ng 

   

bb..  

st
to
se
am
pe
w
in
Th
ca
ca
pe
go
th
m
lo

1166,,  VVoolluummee  22
pppp..  4411  --  5555

 

  

////IIJJIIEEPPRR..iiuus

aall EEnnggiinneeeerriinn

uuccttiioonn  RReesseeaarrcchh  MM

and 
evel 

rg an

Hejazi 

Isfahan Univers
ring, Isfahan U
, Isfahan Unive

ng are two im
ement which 
fit for mem

g, and prici
ain with one 
of market d

aper, three w
Nash, Stack

e effects of p
Using these 
ase for the s
ompare the 
he results sh
he highest a
ice level in 
r all three l

operative gam
Cooperative 
ted and exp

IUST Publicatio

trategies. The
o gain an inc
ervice’s valu
mong its c
ersuade cust

with special b
n the competi
he advertisi
ategories: s
ategory, the 
eriod and in 
oodwill func
he carryover 

manufacturer 
ocal advertis

77,,  NNuummbbeerr  11
55  

sstt..aacc..iirr//  

nngg && PPrroodduu

MMaarrcchh  22001166,,  VVoo

Ad
Supp

d Coo

sity of Technol
University of Te
ersity of Techn

mportant ma
lead to incr

mbers of sup
ing decision
supplier, on

demand is inf
well-known 
kelberg and 
pricing and a

approache
supplier, the
outcomes o

how that, th
and lowest a

the Nash g
levels, and t
mes are equ
game. Final
lored to inv

on, IJIEPR, Vol.

e appropriate
come with re
ue and kee
competitors. 
tomers to c
brand among
itive markets
ng may be 
tatic and 
advertising 
the second c

ction is cons
effect of ad
agrees to p

sing costs in

uuccttiioonn RReesseeaa

ooll..  2277,,  NNoo..  11  

dverti
ply C
opera

logy 
echnology 
nology 

arketing stra
rease custom
pply chains. 
ns simultane
ne manufactu
nfluenced by 
approaches 
Cooperative

advertising d
s, we iden
e manufactu
of decisions 
he Cooperat
advertising 
game is mo
the retailer p
ual. The sys
lly, the Nash

vestigate the 

. 27, No. 1, All R

e pricing hel
espect to the
eps the firm

The adve
hoose and b

g many bran
s. 
divided into

dynamic. In
is studied o
category, the
sidered for i
dvertising. So
pay part of t
n order to 

aarrcchh      

 

ising
Chain

ative

ategies in the
mer demand,

This paper
eously for a
urer and one

pricing and
in the game

e games are
decisions on
tify optimal

urer and the
among the

tive and the
expenditure,

ore than the
price in the

stem has the
h bargaining

possibilities

Rights Reserved. 

lps the firms
e good’s and
m’s position
ertising can
buy a good
ds that exist

o two main
n the first

over a single
e customer’s
investigating
ometime the
the retailer’s
make more

g 
n 
e 

e 
 

r 
a 
e 
d 
e 
e 
n 
l 
e 
e 
e 
 

e 
e 
e 
g 
s 

 

s 
d 
n 
n 
d 
t 

n 
t 
e 
s 
g 
e 
s 
e 



Optimal Pricing and Advertising Decisions in a Three-level 
Supply Chain with Nash, Stackelberg and Cooperative Games 

Parinaz Esmaeili, Morteza Rasti-
Barzoki*, Seyed Reza Hejazi 

42 
 

IInntteerrnnaattiioonnaall  JJoouurrnnaall  ooff  IInndduussttrriiaall  EEnnggiinneeeerriinngg  &&  PPrroodduuccttiioonn  RReesseeaarrcchh  MMaarrcchh  22001166,,  VVooll..  2277,,  NNoo..  11 

promotional initiatives aimed at increasing 
immediate sales. This type of advertising is called 
cooperative (co-op) advertising. 
A common approach adopted for investigating the 
role of advertising and pricing models in the 
supply chain is the game theory. Berger was the 
first to investigate the vertical co-op advertising 
from a mathematical viewpoint [2]. Jørgensen et 
al. studied dynamic Cooperative advertising in a 
channel [3]. They survived the cooperative 
advertising in a marketing channel and resolved 
the first step to the problem that if any channel 
member potentially can leads the channel and if 
there is a way to fully endogenize the choice of 
the leader [4]. Huang and Li and Li et al. 
investigated co-op advertising models of 
manufacturer-retailer supply chains [5, 6]. Prasad 
and Sethi studied the competitive advertising 
under uncertainty with a stochastic differential 
game approach. In another paper they applied 
advertising and pricing in a new-product adoption 
model [7, 8]. Karray and Zaccour survived if co-
op advertising could be a manufacturer's counter 
strategy to store brands [9]. Yue et al. investigated 
the Cooperative advertising in a two-level supply 
chain in which the manufacturer offers discount in 
order to coordinate the channel[10]. 
Many researchers have also devoted their efforts 
to investigating methods of advertising and 
pricing. Szmerekovsky and Zhang and Xie and 
Wei investigated pricing and advertising with one 
manufacturer and one retailer [11, 12]. For the 
first time, Xie and Neyret applied the Stackelberg-
retailer game in order to investigate these models 
[13]. In the Stackelberg-retailer game, the retailer 
is the manufacturer’s leader. Jørgensen et al. 
studied optimal pricing and advertising policies 
for an entertainment event [14]. In their model 
there are two periods, an initial period of regular 
price sales and a terminal period of last-minute 
sales at a (possibly) reduced price. Kumar and 
Sethi investigated the dynamic pricing and 
advertising for web content providers [15]. 
Krishnamoorthy et al. investigated the optimal 
pricing and advertising in a durable-goods 
duopoly [16]. In their model when sale increases 
the price doesn’t change but the advertising level 
decreases. Yan studied the Cooperative 
advertising, pricing strategy and firm performance 
in the e-marketing age [17]. His local and national 
advertising model is similar to the model of Xie 
and Wie [12]. SeyedEsfahani et al. developed the 
pricing and advertising models by incorporating 
concave, convex, and linear price demand curves 

[18]. Wang et al. studied the coordination of 
Cooperative advertising models in a one-
manufacturer two-retailer supply chain system 
with the Nash-Cournot, Stackelberg-Cournot, 
Stackelberg-Coalition and Nash-Coalition games 
models [19]. Ahmadi-Javid and Hoseinpour 
applied a game-theoretic approach to analyze 
coordinating cooperative advertising in a supply 
chain. In their model the manufacturer offers no 
advertising support to the retailer when there is no 
channel leader [20]. Chutani and Sethi Studied the 
role of advertising and pricing in a dynamic 
durable goods supply chain [21]. 
Dietl et al. worked on the advertising and pricing 
models in media markets [22]. In their model the 
paid media platform generates revenues from 
media consumers through subscription fees, while 
the free media platform generates revenues from 
charging advertisers either on a lump-sum basis or 
on a per-consumer basis. Helmes et al. studied the 
dynamic advertising and pricing with constant 
demand elasticity [23]. Helmes and Schlosser 
analyzed a stochastic dynamic advertising and 
pricing model with isoelastic demand in a class of 
general new-product adoption models [24]. Aust 
and Buscher extended the model of 
SeyedEsfahani et al. by relaxing the restrictive 
assumption in equal margin profit [25].  In their 
model the state space is discrete, time is 
continuous and the planning horizon is allowed to 
be finite or infinite. They used the dynamic 
version of the Dorfman–Steiner identity in order 
to solve the problem. Liu et al. investigated an 
inventory decision problem under the pricing and 
advertising dependent stochastic demand [26]. 
They considered a joint decision on the pricing 
and advertising for competing retailers who 
operate short-life-cycle products under emergency 
purchasing. Giri and Sharma studied two-level 
supply chain consist of one manufacturer and two 
competing retailers with advertising cost 
dependent demand. The manufacturer acts as the 
leader who specifies wholesale price for retailers 
and two retailers compete with each other in 
advertising level [22]. Jørgensen and Zaccour 
studied the game-theoretic models of the 
Cooperative advertising [27]. 
A supply chain is consists of different members 
such as the supplier, the manufacturer, the 
distributer and the retailer. The comprehensive 
view to supply chain helps the better coordination 
of member’s decision. With regarding the channel 
member’s policies and decisions, the supply chain 
management could be better. In above mentioned 
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Tab. 2. Symbols Used 
Variable Parameters 

 Price demand potential ߙ ௦ supply priceݓ

 Price sensitivity ߚ ௠ Whole sale priceݓ

 Price-demand curve’s shape parameter ߥ Retail price ݌

National advertising ݇௠ ܣ Effectiveness of national advertising 

ܽ Local advertising ݇௥ Effectiveness of local advertising 

Πୱ Supplier’s profit ܦ଴ Customer’s basic demand 

Π௠ Manufacturer’s profit ܿ Supplier’s procurement cost of raw material for unit 
product 

Π௥ Retailer’s profit ܿ௦ Supplier’s processing cost of unit basic module  

Π௦ା௠ା௥ System’s profit ܿ௠ Manufacturer’s value-added cost of unit product 

  ݀ Retailer’s unit handling cost 

  ߬ Advertisement-demand curve’s shape parameter 

 
The customer demand function can be assumed as 
follows similar to the relevant models in pricing 
and advertising [12, 13, 18]. 
 
,݌൫ܦ ܽ௥,ܣ൯ ൌ ,ሻ݄ሺܽ݌଴݃ሺܦ  ሻ (1)ܣ

 
The effects of the retail price and advertising on 
the demand are shown by	݃ሺ݌ሻ and ݄ሺܽ,  ,ሻܣ
respectively. The effect of retail price is similar to 

the model of SeyedEsfahani et al. [18]. The 
demand changes when the price changes within an 
inverse relationship. One of our contributions in 
this paper is using a more general advertising 
function than the existing relevant research 
because it can show any shapes of advertising and 
demand relationship (see Tab. 1). These functions 
are shown as follows: 

݃ሺ݌ሻ ൌ ሺߙ െ ሻ݌ߚ
ଵ
ఔ (2) 

݄ሺܽ, ሻܣ ൌ ݇௥ܽ
ଵ
ఛ ൅	݇௠ܣ

ଵ
ఛ  (3) 

Based on Equations (2) and (3), the demand function is written as follows:  

,݌ሺܦ ܽ௥,ܣሻ ൌ ߙ଴ሺܦ െ ሻ݌ߚ
ଵ
ఔሺ݇௥ܽ

ଵ
ఛ ൅	݇௠ܣ

ଵ
ఛሻ (4) 

In order to show saturation effect of the advertising on the customer’s demand we assume	߬ ൐ 1. To avoid 
the negative effect of the pricing and advertising on the demand when they are committed together, the 
following condition should be verified: 

݌ ൏
ߙ
ߚ

 (5) 

The profit function of the channel members and the system are as follows: 

Π௦ሺݓ௦ሻ ൌ ௦ݓ଴ሺܦ െ ܿ௦ െ ܿሻሺߙ െ ሻ݌ߚ
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ (6) 

Π௠ሺݓ௠, ሻܣ ൌ ௠ݓ଴ሺܦ െ ௦ݓ െ ܿ௠ሻሺߙ െ ሻ݌ߚ
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ  (7) ܣ

Π௥ሺ݌, ܽሻ ൌ ݌଴ሺܦ െ ௠ݓ െ ݀ሻሺߙ െ ሻ݌ߚ
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ ܽ  (8) 

Π௦ା௠ା௥ሺ݌, ,ܣ ܽሻ ൌ ݌଴ሺܦ െ ܿ௦ െ ܿ െ ܿ௠ െ ݀ሻሺߙ െ ሻ݌ߚ
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ ܣ െ ܽ (9) 

In this paper,	ݎ ,݉ ,ݏ, and ݏ ൅ ݉ ൅  ,represent the supplier, the manufacture, the retailer, and the system ݎ
respectively. Equations (6)-(8) should satisfy the following conditions in order to avoid backwash effect 
[18]: 
 
௦ߎ ൐ 0 → ௦ݓ ൐ ܿ௦ ൅ ܿ;	 (10) 
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௠ߎ ൐ 0 → ௠ݓ ൐ ௦ݓ ൅ ܿ௠;	 (11) 
௥ߎ ൐ 0 → ݌ ൐ ௠ݓ ൅ ݀	 (12) 
 
The variables are changed for ease of analysis as follows: 

௠ᇱݓ (13) ൌ
ߚ
ᇱߙ
ሺݓ௠ െ ሺܿ௦ ൅ ܿ ൅ ܿ௠ሻሻ	

௦ᇱݓ (14) ൌ
ߚ
ᇱߙ
ሺݓ௦ െ ሺܿ௦ ൅ ܿሻሻ 

ᇱ݌ (15) ൌ
ߚ
ᇱߙ
ሺ݌ െ ሺܿ௦ ൅ ܿ ൅ ܿ௠ ൅ ݀ሻሻ 

(16) ݇௥ᇱ ൌ ଴ܦ
ᇱଵାߙ

ଵ
ఔ

ߚ
݇௥	

(17) ݇௠ᇱ ൌ ଴ܦ
ᇱଵାߙ

ଵ
ఔ

ߚ
݇௠	

ᇱߙ (18) ൌ ߙ െ ሺܿ௦ߚ ൅ ܿ ൅ ܿ௠ ൅ ݀ሻ	
Based on the above changes, Equations (6)-(9) can be rewritten as follows: 

Π௦ሺݓ௦ᇱሻ ൌ ௦ᇱሺ1ݓ െ ᇱሻ݌
ଵ
ఔ ൬݇௥ᇱܽ

ଵ
ఛ ൅ ݇௠ᇱ ܣ

ଵ
ఛ൰ (19) 

Π௠ሺݓ௠ᇱ , ሻܣ ൌ ሺݓ௠ᇱ െ ௦ᇱሻሺ1ݓ െ ᇱሻ݌
ଵ
ఔ ൬݇௥ᇱ ܽ

ଵ
ఛ ൅ ݇௠ᇱ ܣ

ଵ
ఛ൰ െ  (20) ܣ

Π௥ሺ݌ᇱ, ܽሻ ൌ ሺ݌ᇱ െ ௠ᇱݓ ሻሺ1 െ ᇱሻ݌
ଵ
ఔ ൬݇௥ᇱ ܽ

ଵ
ఛ ൅ ݇௠ᇱ ܣ

ଵ
ఛ൰ െ ܽ (21) 

Π௦ା௠ା௥ሺ݌ᇱ, ,ܣ ܽሻ ൌ ᇱሺ1݌ െ ᇱሻ݌
ଵ
ఔ ൬݇௥ᇱܽ

ଵ
ఛ ൅ ݇௠ᇱ ܣ

ଵ
ఛ൰ െ ܣ െ ܽ  (22) 

 

For simplicity in the sequence of equations, the 
superscript (′) is removed. 
 

3. Three Game Models 
In this section three games, consisting of one 
Cooperative and two non-cooperative games, are 
described. 

3.1- The Nash Game 

The Nash game is applied where the members 
have equal power and their decisions are made 
simultaneously and independently. The solution 
of this game is called the ‘Nash equilibrium’ 
which is obtained by solving the following 
three models: 

 

maxߎ௦ሺݓ௦ሻ ൌ ௦ሺ1ݓ െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ ; 

0												:ݐݏ ൑ ௦ݓ ൑ 1 
(23) 

ݔܽ݉ ,௠ݓ௠ሺߎ ሻܣ ൌ ሺݓ௠ െݓ௦ሻሺ1 െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ  ;ܣ

.ݏ ௦ݓ						:ݐ ൑ ௠ݓ ൑ ܣ					1 ൒ 0	 
(24) 

maxߎ௥ ሺ݌, ܽሻ ൌ ሺ݌ െ ௠ሻሺ1ݓ െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ ܽ; 

.ݏ ௠ݓ						:ݐ ൑ ݌ ൑ 1								ܽ ൒ 0 
(25) 

Proposition 1. The Nash equilibrium is obtained as follows: 

ே݌ ൌ
ߥ3

1 ൅ ߥ3
	 (26) 

௦ேݓ ൌ
ߥ

1 ൅ ߥ3
	 (27) 

௠ேݓ ൌ
ߥ2

1 ൅ ߥ3
	 (28) 

ேܣ ൌ ሺ

ߥ
1 ൅ ߥ3 ሺ

1
1 ൅ ሻߥ3

ଵ
ఔ

߬
݇௠ሻ

ఛ
ఛିଵ	 (29) 

ܽே ൌ ሺ

ߥ
1 ൅ ߥ3 ሺ

1
1 ൅ ሻߥ3

ଵ
ఔ

߬
݇௥ሻ

ఛ
ఛିଵ	 (30) 
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Proof 
Πୱ and Π୫ is increasing in line with ݓ௦ and ݓ௠ 
respectively, which means the optimal value for 
 ௦ݓ ௠ is the maximum possible value forݓ ௦ andݓ
and ݓ௠. 
To find the maximum possible value for 
 ୫, we apply the similar approach asݓ	and	௦ݓ
proposed by [18]; we assume that the 

manufacturer will not buy any raw material from 
the supplier and the retailer will not sell the 
product if they do not get a minimum unit 
margin. The supplier’s and the manufacturer’s 
unit margin are as such minimum level for the 
manufacturer and the retailer, respectively. So the 
below constraints should be verified: 

 
௠ߤ ൒ ௦ߤ → ௠ݓ െݓ௦ ൒ ௦ݓ → ௠ݓ ൒ ௦ேݓ  ௦ݓ2 ൌ

݌
3

 

௥ߤ ൒ ௠ߤ → ݌ െ ௠ݓ ൒ ௠ݓ െ ௦ݓ → ݌ ൒ ௠ݓ2 െ ௠ேݓ ௦ݓ ൌ
݌2
3

 

߲Π௠ሺݓ௠, ሻܣ

ܣ߲
ൌ 0 →

ܣ
ଵ
ఛ݇௠ሺݓ௠ െ ௦ሻሺ1ݓ െ ሻ݌

ଵ
ఔ

ܣ߬
െ 1 ൌ 0 → ேܣ ൌ ቌ

݇௠ሺݓ௠ െݓ௦ሻሺ1 െ ሻ݌
ଵ
ఔ

߬
ቍ

ఛ
ఛିଵ

 (31) 

The second partial derivative of Π௠ w.r.t. A is negative, hence, Π௠ is concave w.r.t. A and the optimal value 
is achieved by solving the first order condition which shown above. 

߲Π௥ሺ݌, ܽሻ
߲ܽ

ൌ 0 →
ܽ
ଵ
ఛ݇௥ሺ݌ െ ௠ሻሺ1ݓ െ ሻ݌

ଵ
ఔ

߬ܽ
െ 1 ൌ 0 → ܽே ൌ ቌ

݇௥ሺ݌ െ ௠ሻሺ1ݓ െ ሻ݌
ଵ
ఔ

߬
ቍ

ఛ
ఛିଵ

 (32) 

By the same token, ߲Π௥ is concave w.r.t. a so the optimal value is achieved by solving the first order 
condition which shown above. 

߲Π௥ሺ݌, ܽሻ

݌߲
ൌ 0 → ሺ1 െ ሻ݌

ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ

ሺ݌ െ ௠ሻሺ1ݓ െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰

ሺ1ߥ െ ሻ݌
ൌ 0 → ே݌ ൌ

௠ݓ ൅ ߥ
1 ൅ ߥ

 
(33) 

	
In order to prove that ݌ே which is obtained above 
is maximum value of retailer’s price, we define 
the retailer’s income as x (ݔ ൌ ሺ݌ െ ௠ሻሺ1ݓ െ

ሻ݌
భ
ഌ ቀ݇௥ܽ

భ
ഓ ൅ ݇௠ܣ

భ
ഓቁ.  We compare the value of 

retailer’s income between݌ ൌ
௪೘ାఔ

ଵାఔ
, p =ݓ௠ and p 

= 1: 
݌ሺݔ ൌ ௠ሻݓ ൌ 0	 
݌ሺݔ ൌ 1ሻ ൌ 0

 
 

ݔ ൬݌ ൌ
௠ݓ ൅ ߥ
1 ൅ ߥ

൰ ൌ ሺ݇௥

ఛ
ఛିଵ ൅ ݇௠

ఛ
ఛିଵሻሺ

ߥ
1 ൅ ߥ3

ሻ ൬
1

1 ൅ ߥ3
൰

ଵ
ఔ
ሺ
ሺ

ߥ
1 ൅ ሻߥ3 ቀ

1
1 ൅ ቁߥ3

ଵ
ఔ

߬
ሻ
ଵ

ఛିଵ ൐ 0 

 
Thus, the maximum of retailer’s profit and Π୰ is obtained while	p ൌ

୵ౣା஝

ଵା஝
 .

 
The above optimal points are the functions of 
each other. After solving them simultaneously, the 
Nash equilibrium is achieved as shown in 
proposition 1. 
. 
3-2. The Stackelberg game 

The players of this game are the leader or the 
follower. In this paper, we assume the retailer is 
the manufacturer’s leader and the supplier is 
manufacturer’s follower. The solution of this 
game is called the Stackelberg equilibrium. In 

order to determine the equilibrium by backward 
induction, at first the follower’s optimal problem 
should be solved. The leader’s decision problem 
is solved based on the follower’s response. The 
best response of the supplier is as follows: 

∗௦ݓ ൌ
௠ݓ
2

 (34) 

Now this value should be substituted in the profit 
function of the manufacturer. Regarding the 
above value of	ݓ௦∗, the manufacturer’s response is 
as below: 
 
 



Parinaz Esmaeili, Morteza Rasti-Barzoki*, 
Seyed Reza Hejazi 

Optimal Pricing and Advertising Decisions in a Three-level 
Supply Chain with Nash, Stackelberg and Cooperative 

Games 
47 

 

IInntteerrnnaattiioonnaall  JJoouurrnnaall  ooff  IInndduussttrriiaall  EEnnggiinneeeerriinngg  &&  PPrroodduuccttiioonn  RReesseeaarrcchh  MMaarrcchh  22001166,,  VVooll..  2277,,  NNoo..  11 

 

∗௠ݓ ൌ
݌2
3

 (35) 

∗ܣ ൌ ሺ
௠ሺ1ݓ െ ሻ݌

ଵ
ఔ

2߬
݇௠ሻ

ఛ
ఛିଵ (36) 

In order to gain the best response of retailer, the above values are substituted his profit function. The 
retailer’s response is as below: 

∗݌ ൌ
ߥ

ߥ ൅ 1
 (37) 

ܽ∗ ൌ ሺ
ሺ1݌ െ ሻ݌

ଵ
ఔ

3߬
݇௥ሻ

ఛ
ఛିଵ (38) 

Proposition 2. The equilibrium of the Stackelberg game is obtained as follows by solving the above 
equations simultaneously: 

ௌ௧݌ ൌ
ߥ

1 ൅ ߥ
	 (39) 

ௌ௧ܣ ൌ ሺ

ߥ
1 ൅ ߥ ሺ

1
1 ൅ ሻߥ

ଵ
ఔ

3߬
݇௠ሻ

ఛ
ఛିଵ	 (40) 

௦ௌ௧ݓ ൌ
ߥ

3 ൅ ߥ3
	 (41) 

ܽௌ௧ ൌ ሺ

ߥ
1 ൅ ߥ ሺ

1
1 ൅ ሻߥ

ଵ
ఔ

3߬
݇௥ሻ

ఛ
ఛିଵ	 (42) 

௠ௌ௧ݓ ൌ
ߥ2

3 ൅ ߥ3
	 (43) 

The proof of this proposition is similar to the proof of proposition 1. 
 

3.3- The Cooperative game 

In this game, the channel members cooperate together to maximize the profits of the whole system, and then 
they bargain to share the profit. 

maxΠ௦ା௠ା௥ሺ݌, ,ܣ ܽሻ ൌ ሺ1݌ െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ ܣ െ ܽ  

.ݏ 0						:ݐ ൑ ݌ ൑ ,ܣ							1 ܽ ൒ 0				 
(44) 

Proposition 3. The equilibrium of the Cooperative game is obtained as follows: 

௖௢݌ ൌ
ߥ

1 ൅ ߥ
 (45) 

௖௢ܣ ൌ ሺ

ߥ
1 ൅ ߥ ሺ

1
1 ൅ ሻߥ

ଵ
ఔ

߬
݇௠ሻ

ఛ
ఛିଵ 

(46) 

ܽ௖௢ ൌ ሺ

ߥ
1 ൅ ߥ ሺ

1
1 ൅ ሻߥ

ଵ
ఔ

߬
݇௥ሻ

ఛ
ఛିଵ 

(47) 

Proof 

(48) ߲Π௦ା௠ା௥ሺ݌, ,ܣ ܽሻ
݌߲

ൌ 0 → ሺ1 െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰ െ

ሺ1݌ െ ሻ݌
ଵ
ఔ ൬݇௥ܽ

ଵ
ఛ ൅ ݇௠ܣ

ଵ
ఛ൰

ሺ1ߥ െ ሻ݌
ൌ 0 → ௖௢݌ ൌ

ߥ
1 ൅ ߥ

 

 
	With the same token in the proof of proposition 1 in order to find the optimal value of	݌, we define the value 

of ݔ as	݌ሺ1 െ ሻ݌
భ
ഌ ቀ݇௥ܽ

భ
ഓ ൅ ݇௠ܣ

భ
ഓቁ.  To define the domain of ݔ we compared its value in ݌ ൌ

ఔ

ଵାఔ
  with p =0 

and p = 1: 
݌ሺݔ ൌ 0ሻ ൌ 0	 
݌ሺݔ ൌ 1ሻ ൌ 0 

ݔ ቀ݌ ൌ
ߥ

1 ൅ ߥ
ቁ ൌ ሺ݇௥

ఛ
ఛିଵ ൅ ݇௠

ఛ
ఛିଵሻሺ

ߥ
1 ൅ ߥ

ሻ ൬
1

1 ൅ ߥ
൰

ଵ
ఔ
ሺ
ሺ

ߥ
1 ൅ ሻߥ ቀ

1
1 ൅ ቁߥ

ଵ
ఔ

߬
ሻ
ଵ

ఛିଵ ൐ 0	

Thus, the maximum of Π୰ is obtained while	݌ ൌ
ఔ

ଵାఔ
 . 
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߲Π௦ା௠ା௥ሺ݌, ,ܣ ܽሻ
ܣ߲

ൌ 0 →
ܣ
ଵ
ఛ݇௠݌ሺ1 െ ሻ݌

ଵ
ఔ

ܣ߬
െ 1 ൌ 0 → ௖௢ܣ ൌ ቌ

݇௠݌ሺ1 െ ሻ݌
ଵ
ఔ

߬
ቍ

ఛ
ఛିଵ

 (49) 

߲Π௦ା௠ା௥ሺ݌, ,ܣ ܽሻ

߲ܽ
ൌ 0 →

ܽ
ଵ
ఛ݇௥݌ሺ1 െ ሻ݌

ଵ
ఔ

߬ܽ
െ 1 ൌ 0 → ܽ௖௢ ൌ ቌ

݇௥݌ሺ1 െ ሻ݌
ଵ
ఔ

߬
ቍ

ఛ
ఛିଵ

 (50) 

In order to prove that the above ܣ௖௢ and ܽ௖௢ which derived from the first order condition, show the 
maximum values we used Hessian matrix. 

HሺΠ௦ା௠ା௥ሻ ൌ

ۏ
ێ
ێ
ۍ
∂ଶΠ௦ା௠ା௥ሺ݌, ,ܣ ܽሻ

∂Aଶ
∂ଶΠ௦ା௠ା௥ሺ݌, ,ܣ ܽሻ

∂A ∂ܽ
∂ଶΠ௦ା௠ା௥ሺ݌, ,ܣ ܽሻ

∂ܽ ∂A
∂ଶΠ௦ା௠ା௥ሺ݌, ,ܣ ܽሻ

∂ܽଶ ے
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
pሺ1ۍ െ pሻ

ଵ
ఔ݇௠ܣ

ଵ
ఛ

߬ଶܣଶ
ሺ1 െ ߬ሻ 0

0
pሺ1 െ pሻ

ଵ
ఔ݇௥ܽ

ଵ
ఛ

߬ଶܽଶ
ሺ1 െ ߬ሻے

ۑ
ۑ
ۑ
ې

 

The odd minor is negative and the even minor is 
positive so the Hessian matrix is a concave one so 
the extreme points are maximum points. 
The above optimal points are the functions of 
each other. After solving them simultaneously, the 

Cooperative game’s equilibrium is achieved as 
shown in proposition 3. 
In Table 3 the optimal solutions in three game 
models are shown.

 
In Table 3. Summary of the optimal solutions in three game models 

 Nash game Stackelberg game Cooperative game 

supply price ν
1 ൅ 3ν

 
ν

3 ൅ 3ν
 - 

Whole sale price 2ν
1 ൅ 3ν

 
2ν

3 ൅ 3ν
 

- 

Retail price 3ν
1 ൅ 3ν

 
ν

1 ൅ ν
 

ν
1 ൅ ν

 

National advertising 

ሺ

ν
1 ൅ 3ν ሺ

1
1 ൅ 3νሻ

ଵ
஝

τ
k୫ሻ

த
தିଵ ሺ

ν
1 ൅ ν ሺ

1
1 ൅ νሻ

ଵ
஝

3τ
k୫ሻ

த
தିଵ ሺ

ν
1 ൅ ν ሺ

1
1 ൅ νሻ

ଵ
஝

τ
k୫ሻ

த
தିଵ

Local advertising 

ሺ

ν
1 ൅ 3ν ሺ

1
1 ൅ 3νሻ

ଵ
஝

τ
k୰ሻ

த
தିଵ ሺ

ν
1 ൅ ν ሺ

1
1 ൅ νሻ

ଵ
஝

3τ
k୰ሻ

த
தିଵ ሺ

ν
1 ൅ ν ሺ

1
1 ൅ νሻ

ଵ
஝

τ
k୰ሻ

த
தିଵ 

 
 

4. Discussion of The Results 
In this section, the optimal solutions of the two 
mentioned non-cooperative games and the 
Cooperative game will be compared together. We 
make a comparison among the price, the 
advertising expenditures and the profit function of 
the members and whole system in above-
mentioned games. The comparison results of 
advertising decision among games are the similar 
to the comparison results of the national 
advertising.   

 

4-1. Comparisons on prices 

The summary of the results provided in Table 3 
show that the optimal retail prices in the 
Stackelberg and the Cooperative games are 
similar and the Nash game has the highest optimal 
retail price. The supply and whole sale price in 
Nash game is higher than the Stackelberg game. 
In the Nash game each member tries to increase 
its profit through increasing price without 
attention to other members. In the Stackelberg 
game, the optimal value of price is obtained with 
respect to the leader’s decision and in the 
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Cooperative game the optimal price is one which 
maximizes the whole system’s profit, so it is 
lower than the price in the Nash game.  
4-2. Comparisons on advertising expenditures 

Fig. 2 shows the comparisons of the advertising 
expenditures. The result of comparison among the 
national and local advertising is same. As it is 
obvious the advertising expenditures has the most 

value in the Cooperative game and the least value 
in the Nash game. The increasing in the 
parameters of the advertisement-demand curves 
shape, leads to increase in the advertising 
expenditures, because when τ increases, the 
saturation effects increases. So in order to attract 
one customer, the more advertising expenditure is 
needed. 

 

green surface = Cooperative game 
red surface = Stackelberg game 
blue surface = Nash game 

Fig. 2. The national advertising expenditures 
 
4.3- Comparisons on Profits 

The comparison on the profit functions among 
the mentioned games is done after substitution 
of the optimal values in the member’s profit 
function. The results of the supplier’s, the 
manufacturer’s and retailer’s profits is provided 
in Fig. 3, 4 and 5 respectively. This figures 
show that in some regions the member’s profit 
is more in the Nash game and in some other 
regions it is vice versa. After determining the ߬ 
and ߥ according to situation of a real problem, 
the decision makers can use these figures in 
order to choose to participate in same power 

game or be the other’s follower to gain more 
profit. As it is shown below in the figures, 
when ߥ increases, the profit of members 
increases. Because the higher value of ߥ means 
the lower sensitivity of customer's demand to 
price, so the supply chain members can 
increase price without missing important 
percent of customer's demand. The change in ߬ 
has no important effect in the profit. Because 
when ߬ changes, it effects both in revenue and 
costs.
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red surface = Stackelberg game 
blue surface = Nash game 

Fig. 3. The supplier’s profits 
 
 

 
 
 
 
red surface = Stackelberg game 
blue surface = Nash game 

Fig. 4. The manufacturer’s profits 
 

 

 
 
 
 
red surface = Stackelberg game 
blue surface = Nash game 

Fig. 5. The retailer’s profits 
 
The system’s profit has the highest value in the 
Cooperative game, and the least value is 
achieved in some regions of each non 

cooperative games. These regions are shown in 
the Fig. 6. 
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green surface = Cooperative game 
red surface = Stackelberg game 
blue surface = Nash game 

Fig. 6. The system’s profits 
 
4-4. Feasibility of the Cooperative game 

For the feasibility of the Cooperative, the 
following conditions must hold:
 

Πୱୡ୭ ൌ Πୱሺ݌௖௢,ݓ௦௖௢,ݓ௠௖௢, ,௖௢ܣ ܽ௖௢ሻ ൒ max	ሺΠୱ୒, Π௦ௌ௧ሻ 
(51) 

Π୫ୡ୭ ൌ Π୫ሺ݌௖௢,ݓ௦௖௢, ,௠௖௢ݓ ,௖௢ܣ ܽ௖௢ሻ ൒ max	ሺΠ୫୒ ,Π௠ௌ௧ሻ 
(52) 

Π୰ୡ୭ ൌ Π୰ሺ݌௖௢,ݓ௦௖௢, ,௠௖௢ݓ ,௖௢ܣ ܽ௖௢ሻ ൒ max	ሺΠ୰୒, Π௥ௌ௧ሻ 
(53) 

We integrate Equations (51)-(53): 

Πୱୡ୭ ൅ Π୫ୡ୭ ൅ Π୰ୡ୭ ൌ Π௦ା௠ା௥
ୡ୭ ൒ Πୱ୫ୟ୶ ൅ Π୫୫ୟ୶ ൅ Π୰୫ୟ୶ 

(54) 

 
The ∆ in the equation below, is the relative 
difference of the system’s profits in the 
Cooperative and non-cooperative games. As 
shown in Fig. 6 its value is positive, because the 

system’s profit in the Cooperative game is higher 
than the maximum system’s profit in the non-
cooperative games, so the condition in Equation 
(54) holds true and the feasible solution is exist. 

 

∆ൌ
Πୱା୫ା୰ୡ୭ െ ሺΠୱ୫ୟ୶ ൅ Π୫୫ୟ୶ ൅ Π୰୫ୟ୶ሻ

Π ା ା
ୡ୭ ൈ 100 ൐ 0 (55) 

 
The feasibility of the Cooperative game means 
that the channel members will cooperate. In the 
next section, the Nash bargaining model for 
sharing the extra profit gained in the cooperation 
is investigated.  
 

5. Bargaining Problem 
In this section, the Nash bargaining model is used 
to determine how to share profit between the 
members in the same way that it is used by Seyed 
Esfahani et al. [18]. First the feasible region for 
the variables ݓ௦ and ݓ௠ should be presented. The 
member’s extra profit is shown below: 
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optimal price for all members in the Nash game is 
always higher than the optimal price in the 
Stackelberg game. The retailer price in Nash 
game is higher than the cooperative game and the 
retail price for the Cooperative and Stackelberg 
games are the same. The highest and the lowest 
advertising expenditure is in the Cooperative and 
the Nash games, respectivly. The supplier’s profit 
in some regions is higher in Nash game and in 
some other region is higher in the Stackelberg 
game. The retailer's profit is same in non-
cooperative games. The system’s profit has the 
highest value in the cooperative game and the 
least value is achieved in some regions in the 
Nash game and in some other regions in the 
Stackelberg game, so the system gain extra profits 
in the Cooperative game rather than the non-
cooperative games.  
This problem can be solved with the multi-
member in each level so the other games such as 
the Coalition and Bertrand can be applied in order 
to survey the problem for future studies, so the 
model would be more realistic and practical. 
Investigating this model with other important 
issues in supply chain, like inventory policy make 
it richer. The supply chain can be investigated in a 
fuzzy environment which is suitable for the 
imprecise or vague situations by membership 
functions [31]. Other types of supply chain such 
as agile supply chain can be considered. “Supply 
chain agility is a key determinant of 
competitiveness and is defined as the supply 
chain’s alertness to internal and environmental 
changes and it’s capability to use resources in 
responding to these changes in a timely and 
flexible manner.[32]” An intelligent agent supply 
chain can be used as an appropriate technology to 
coordinate and integrate different parts of the 
channel and makes its components relation more 
effective [33].  
The multi-product supply chain can be 
investigated in order to study the effect of varying 
the level of substitutability coefficient of products 
on the profits of members [34]. A dual channel 
supply chain with a direct and indirect sale can 
and investigated in order to obtain the optimal 
policies of pricing, inventory and advertising can 
be studied [35].  
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