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Abstract:Repairing a crack in a structure consists in reducing crack s tips stresses by transferring loads trough a bridge
made of the composite patch and the adhesive. This operation is impacted by four factors: shear modulus of the adhe-
sive, the composite patch’s Young module and the thicknesses of these two materials. The design of experiments method
allowed us to determine, the weight of each of the four factors and their interactions as well their best combination to
obtain an efficient and lasting repair. The constraints relative to the stiffness ratio and the shear strain were taken into
consideration in order to determine the best configuration that allowed the minimization of K
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1. INTRODUCTION

There are two alternative approaches to fracture
analysis: the energy criterion and the stress inten-
sity approach. The energy approach states that
crack extension occurs when the energy available
for crack growth is sufficient to overcome the re-
sistance of the material [1] [2].

Griffith [3] was the first to propose the ener-
gy criterion for fracture, but Irwin [4] is primarily
responsible for developing the present version of
this approach: the energy release rate, G, which is
defined as the rate of change in potential energy
within the crack area for a linear elastic material.

For a crack of length 24, in an infinite plate sub-
ject to a remote tensile stress o, this energy release
rate is given by
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E being the Young’s modulus. As it can be seen
this energy grows proportionally to the length of
the crack .It constitutes the driving force for the
fracture until it reaches a critical value G_at which
the structure collapses and which corresponds to a
critical crack length a .

The stress intensity approach states that near
the tip of a crack in an elastic material, when
considering an in-plane tresses case, each stress
component is proportional to a single constant K.
If this constant is known, the entire stress distri-
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bution at the crack tip can be computed with the
equations below.

K=Yo m @)

Y is a geometrical constant.

This constant, which is called the stress-inten-
sity factor, completely characterizes the crack-tip
conditions in a linear elastic material.

A large litterature has been devoted to this sub-
ject. We can cite A. Hassani et al. who worked on
the relation of crack growth with its critical size
using damage tolerance concept [5]. A. Kotoussov
et al. tackled the problem of local plastic collapse
of a plate [6]. D. Chang et al. developed a gener-
al theoretical approach to investigate the fatigue
behavior of two interacting cracks [7]. Haddad et
al. determined the hot cracking susceptibility [8].
Lately Jun Ding et al. performed a molecular dy-
namics simulation of crack propagation in a single
crystal aluminum plate with central cracks [9].

As stated earlier cracks grow until they reach
a critical value at which the structure collapses.
Therefore their repair at the appropriate time is
mandatory. Crack repairing of structures consists
in reducing crack’s tips stresses by transferring
loads trough a bridge made up of the composite
patch and the adhesive. (Fig.1). Initial crack re-
pairs were accomplished by attaching reinforcing
plates over the damaged areas either by welding
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or by mechanical fasteners that used drilled holes.
These methods worked well but each one of them
had a big disadvantage. The first one induced non
desirable residual stresses while the second creat-
ed local stresses raisers.
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Fig 1: Patch configurations
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In addition to eliminating these problems,
composite patches are lightweight, relatively easy
to implement and can adapt to almost any geome-
try. The concept of using composite patch repairs
started in the early 1970’s and was successfully
applied in aircraft structures. The pioneers of this
technique were Baker [10] [12], Jones [13] and
Barthlomeusz [14]. Once cracks’ structures re-
pairing with composite patches became widely
used, designers and researchers shifted their in-
terest towards the optimization of this technique.
Initial works were devoted to geometrical forms
and dimensioning. Later on, more sophisticated
methods that utilised algorithms were introduced.
Among them we can cite Chue et al. [15] who
studied the effects of ply orientation, Brighenti et
al. [16] applied the genetic algorithm to the op-
timization of this technique ; Tsamasphyros et al.
[17] used optic fibers which allowed simulations
of different sequencing of piling in order to ob-
tain their optimization. Ait Yala et al. [18] used the
design of experiments method to obtain the most
efficient configuration.

All approaches cited above are satisfactory
and give good results. However they only take
into consideration selected parameters that affect
the composite patch repairs. This makes them
somehow partial as several factors affect the ef-
fectiveness of composite patch repairing and its
performance. The purpose of this work is to fur-
ther these researches by proposing a full analy-
sis of all the design parameters of this technique.
This will not only allow us to select the most fitted

composite patch and adhesive , but also to consid-
er all the constraints in order to perform the most
efficient, lasting and cost effective repair.

2. Method

According to the linear elastic fracture me-
chanics, for a plate with infinite size and a central
crack (opening mode I) the stress intensity factor
(SIF) is given by the following relation:

K]:G\/E

where o is the applied stress and a half the length
of the crack. One can see that K becomes larger
as the length of the crack grows. When it reaches
a certain value, the structure collapses. However
after patch repairing, K, tends towards a constant
asymptote value Koo as the crack length increas-
es. Indeed a well designed and bonded patch
causes the stress intensity at the crack tip to
reach a limiting factor, Koo, no matter how long
the crack length becomes. When fully bonded
on one side, Rose [20] obtained an analytical
approximate solution of this upper bound. This
was based on the Rose model which is a contin-
uum analysis based on the theory of elasticity. It
covers the stress intensity solution, Kr, for the
repaired crack, the adhesive shear strain in the
bond line and the load attraction into the stiff-
ened area.

The expression of this asymptote is given by
the relation:
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The expression of Kr for repaired structures is
given by :

wal
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And the expression of the maximum shear
strain in the adhesive is:
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E and G are respectively the modulus of elas-
ticity and the shear modulus; t being the thick-
ness of the material. The subscript‘s’ refers to the
structure (plate); ‘p’ to the patch (reinforcement)
and ‘a’ to the adhesive.

Optimum design consists in determining
design parameters (variables) that lead to the
best performances. Therefore we must find the
best configuration that allows the minimization
of K_. Itis quite evident that by lowering this as-
ymptote we will lower the stress intensity factors
and thus obtain an optimum design. We choose
to consider K instead of Kr because the length
of the crack a does not appear in its expression
(Eq.2) which will confer more generality to our
results.

A close look to this function shows that all
the ingredients necessary to perform this task
are contained within this expression. In deed Es,
ts and Gs are the geometrical and physical prop-
erties of the structure to be repaired. Thus they
are the given of the problem which consists in
selecting the appropriate composite patch and
adhesive materials properties (Ep, Gp, Ea and
Ga) as well as their dimensions (tp and ta) in
order to achieve the best design by obtaining
the lowest value of K . In other words these
are our design variables, and the most effective
method which will allow us to evaluate and an-
alyze them is the design of experiments meth-
od. This statistical method is well presented by
Benoist et al [20]; Fischer R. A [21] and Tagu-
chi,et al.[22]. Indeed it allowed us to obtain the
weight of all the factors and their interactions
as well as their most effective combination to
achieve the lowest K .

However selecting the best parameters values for
K alone could not be satisfactory as there are two
important aspects that a designer should take into
consideration:

- The load transfer criteria which define the
stiffness ratio that ensures a good transfer of load.
It is defined by SR=E t /E t and should be kept
close to unity.

- The maximum shear strain in the adhesive,
Y, Slven in eq. (6) must be kept at its lowest pos-
sible value.

As it can be can seen both of these entities
depend upon the design parameters and the final
elected values should not only permit obtaining
the minimum K _ but also satisfy these two last
constraints.

3. RESULTS AND DISCUSSION

The expressions of K, v and the stiffness
ratio show that there are four (4) parameters
which constitute the design parameters. They
are Ep, tp,Ga and ta. In this work we consid-
er a 304mm x 152mm aluminum alloy plate
with a 2 mm thickness, with a Young modulus
of 68 GPa and a Poisson’s ratio of 0.33. The
plate has a crack of length a and is subjected
to a tensile load of 48 GPa. In order to apply
the design of experiments method to select the
optimum values which give the lowest K _, we
affected to each of the four parameters three
level values. This gave us 3*possible combina-
tions , hence 81 runs. Our working values were
the following.

Aluminum alloy structure: Es= 68 GPa; ts=2mm.

Ep =208 GPa (level -1); 145
GPa (level 0); 70 GPa (level 1)
tp=1.5 mm (level -1); 1.mm
(level 0); 0.5mm  (level 1)
Ga= 0.9 GPa (level -1); 0.7
GPa (level 0); 0.44 GPa (level 1)
ta= 0.2 mm (level -1); 0.15 mm
(level 0) ; 0.1 mm ( level 1)

Composite patch:

Adhesive:

We made the 81 runs that gave us the values of
K _ for all combinations.

The results are presented in table.1. By exam-
ining this table we can observe that:
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Table 1 Values of K_for the different
combinations of the factors.

tp |Ga| ta |Ep Kinf Ep| Kinf |Ep| Kinf
-1 -1 -1 -1 1.2320 0| 12707 | 1 |1.3853
-1-1] 0] -1 1.1465 0| 1.1826 | 1 |{1.2891
-1-1) 1) -1 1.0360 0| 1.0686 | 1 |1.1649
-1 0] -1 -1 1.3119 0 | 1.3531 | 1 | 1.4751
-1 0] 0] -1 1.2208 0| 1.2592 |1 |1.3727
-1 0 1) -1 1.1031 0 | 1.1378 | 1 |1.2404
-1 1) -1 -1 1.4733 0| 1.5197 | 1 |1.6566
-1 1] 0] -1 1.3711 0| 14142 | 1 |1.5417
S S B 1.2389 0| 1.2779 | 1 |1.3931
0f-1]-1]-1 1.2763 0| 1.3279 | 1 | 1.4741
0f-1] 0] -1 1.1877 0| 1.2357 | 1 |1.3718
0f-1] 1] -1 1.0732 0 | 1.1166 | 1 |1.2395
00| -1]-1 1.3590 0 | 1.4140 | 1 |1.5696
00| 0] -1 1.2647 0| 1.3159 | 1 |1.4607
0] 0] 1]-1 1.1428 0| 1.1890 | 1 |1.3199
0 1)-1]-1 1.5263 0| 1.5880 | 1 |1.7628
0| 1| 0f -1 1.4204 0| 1.4778 | 1 |1.6405
0] 1] 1]-1 1.2835 0 | 1.3354 | 1 |1.4824
L|-1]-1] -1 1.3871 0 | 1.4656 | 1 |1.6632
1]-1] 0] -1 1.2909 0| 1.3639 | 1 |1.5571
1]-1] 1] -1 1.1664 0 | 1.2324 | 1 |1.4070
110]-1] -1 1.4771 0| 1.5606 | 1 |1.7817
110] 0] -1 1.3746 0| 1.4523 | 1 |1.6581
110] 1] -1 1.2421 0| 1.3123 | 1 |1.4982
1] -1]-1 1.6589 0| 1.7527 | 1 {2.0010
11} 0] -1 1.5438 0| 1.6311 | 1 |1.8622
1]1]1]-1 1.3949 0| 1.4739 | 1 |1.6827

The lowest values of K_ (desirable) are ob-
tained with the following combinations.

K =1.0360 for tp:level -1 Ga:level -1
ta: level 1 Ep: level -1

K =1.0686 for tp:level -1 Ga: level -1
ta: level 1 Ep:level 0

K =1.0732 for tp:level 0  Ga: level -1
ta: level 1 Ep: level -1

K =1.1031 for tp:level -1 Ga:level 0

ta: level 1 Ep: level -1
The highest values of K (undesirable) are ob-

tained with the following combinations.

K =2.0010 for tp:level 1 Ga: level 1
ta: level -1 Ep: level 1

K =1.8622 for tp:level 1 Ga: level 1
ta: level 0  Ep: level 1

K =1.7628 for tp:level 0 Ga: level 1
ta: level -1 Ep: level 1

K =1.7520 for tp:level 1 Ga: level 1

ta: level -1 Ep: level 0

We can see that the lowest values of K_ are ob-
tained with the highest level of ta and the lowest

levels of tp, Ga and Ep. While the highest val-
ues are obtained with the lowest level of ta and
the highest levels of Ga,tp and Ep.( note that the
highest level values correspond to the lowest ma-
terial properties values as they are inversed in our
setup).

The object of this work was to evaluate the
weights of the four parameters and their interac-
tions. For that purpose the most indicated meth-
od is the design of experiments method which
is a statistical approach based upon the variance
analysis (anova) of the different factors. We have
chosen the full factors approach as opposed to the
fractional one, because computing the 81 values
of K_is not abig task and a simple MATLAB
program suffices. The results of this operation are
presented in table.2. As we can see, each factor
(parameter) has a corresponding coefficient which
assesses its weight in the output (result). The in-
teractions, represented by a product of the fac-
tors have also a corresponding weight. We could
therefore model the phenomena by a polynomial
of this form:

K= 13139 +(0.1066)(tp)+(0.1258)(Ga)-
(0.1199)(ta)+(0.1065)(Ep)+(0.0099)(tp)(Ga)-
(0.0089)(tp)(ta)+(0.0033)(tp)(Ep)-(0.0111)
(Ga)(ta)+(0.0099)(Ga)(Ep)+
(0.0088)(ta)(Ep)+... 7

We can easily see that the lowest value of K is
obtained with the lowest levels of tp, Ga , Ep and
the highest level of ta , as it can be seen on table.1
.The adhesive shear modulus, Ga has the biggest
influence (0.1258) followed by adhesive thickness,
ta (-0.1199), the patch young modulus Ep (0.1065)
and the patch thickness tp (0.1066).The minus sign
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Table 2 Results of the design of experiments analysis.

affected to the factor ta means that the lowest value
corresponds to level 1 of ta while it corresponds
to the lowest levels of the other factors. Influences
of the different interactions are rather small except
that of (Ga.ta). It’s worth noting that the first two
factors are related to the adhesive, which consti-

Name Factor Coeff SE T
Const 1,3139 0,003 441,909
THR THR (A) 0,1066 0,0012 87,837
GA GA (B) 0,1258 0,0012 103,634
THA THA (C) -0,1199 0,0012 -98,749
Er Er (D) 0,1065 0,0012 87,725
THR*GA AB 0,0099 0,0015 6,667
THR*THA AC -0,0089 0,0015 -5,9644
THR*Er AD 0,033 0,0015 22,204
GA*THA BC -0,0111 0,0015 -7,4555
GA*Er BD 0,0099 0,0015 6,6521
THA*Er CD -0,0088 0,0015 -5,9514
THR*GA*THA ABC -0,0012 0,0018 -0,682
THR*GA*Er ABD 0,0034 0,0018 1,8789
THR*THA*Er ACD -0,0025 0,0018 -1,3891
GA*THA*Er BCD -0,0012 0,0018 -0,6774
THR*GA*THA*Er ABCD -0,0009 0,0022 -0,3952
THR*THR AA 0,0429 0,0021 20,394
GA*GA BB 0,0424 0,0021 20,146
THA*THA CcC -0,0155 0,0021 -7,3947
Er*Er DD 0,0499 0,0021 23,74

tutes a bridge that transfers vertically the load from
the structure to the patch. The two factors related to
the patch have almost the same importance. Once
we have assessed the weights of the four param-
eters we considered their effects on the stiffness
ratio and the maximum shear strain. An effective
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Fig. 2. Variations of the output with respect to the factors
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design should satisfy a good load transfer by se-
lecting Ep and tp such that their product would be
close to that of Es and ts among values that allow
the lowest value of K . The same attention must
be devoted to the shear strain in order to design a
lasting repair that is not exposed to disbonding. We
must select values that reduce y_among those that
give the lowest K . The assessments that we have
obtained allowed us to obtain the optimum design
by making judicious compromises and trade-offs.
Figure .2 depicts how the output varies with respect
to each factor and Figure.3a and 3b how it is affect-
ed by their interactions.. Then we considered how
this applies to the practical example we choose.
The values which give the lowest value of K_ cor-
respond to, as seen earlier, level -1 for Ep, tp, Ga
and level 1 for ta which corresponds to the highest
values of Young modulus (208 GPa) and thickness
(1.5mm) of the composite patch; the highest value
of the adhesive shear modulus (0.9 GPa) and the
lowest value of the adhesive thickness (0.1mm).
The values of Es (68GPa) and ts (2mm) are given.

We first considered the constraint related to
the stiffness ratio. The product Es*ts is equal to
136 GPa.mm and that of Ep*tp is equal to 312
GPa.mm. This gave us a transfer ratio (Eptp/Ests)
equal to 2.3, which is too high compared to 1.
Therefore we had to reconsider this choice. The
best selection appeared to be the level 0 for both
parameters, which correspond to Ep=145 GPa and
tp=1mm. In deed this gave us a stiffness ratio of
(145*1)/(68*2) =1.06 which is very close to 1.
To validate this choice we must check with our
results. By examining Fig.2 we can see that the
marginal means of the factors Ep and tp are close
for the level-1 and level 0.

And from Fig.3a and Fig.3b, which describes
the interactions, we can see that the graphs corre-
sponding to these two levels are not too far from
each other. This comforted our choice which not
only satisfies the stiffness criterion but also has
two collateral advantages:

- As Ep appears in the numerator of the
fraction that gives the maximum shear
strain, it will lower this latter.

- The thickness tp reduces the shifting of
the patch-structure assembly axis, thus re-
ducing the non-desirable moments at the
edges of the patch. Jones, R. [24].
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We must maintain the highest value of Ga (lev-
el -1) as it also reduces the maximum shear strain
since it appears in the denominator.

The final optimum design is obtained with
the level 0 for Ep and tp, the level-1 for Ga and
the level 1 for ta. The corresponding value of K
(1.1166) is very satisfactory and not very far from
the lowest one (1.0360).

4. CONCLUSION

The optimum design of composite patch repair
is a complex task. It is impacted by four parame-
ters (factors) that are the shear modulus of the ad-
hesive, the module of Young of the patch and the
thickness of these two parameters. With the use of
the design of experiments method, we were able to
assess the weight of each of these four factors and
their interactions. The evaluation of the impact of
each factor allowed us to identify the best combi-
nation which gave the lowest K_ and ensured the
satisfaction of constraints relative to the transfer of
load and the minimization of shear strain.
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